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MONQPDR�SUT@VWRYX7Z�X"[\X^]DP"_a`IXb`c_d` ecSU]fVfRhgji�SQ_lkmVD`^n
opSqP�NsraP"tYraNuVWSU]v_a`vkYX^Xbw\X�w�SU] NUrlrdSue-Xbwq_dk�VfRY_a` X"[YNUx�n
y{zO|s}U~��I������z-�����-|u�����m| n
� w\�G_aP"XU�

• � X�NQwhNsrdr3VfRYX7X^[GX�]WP^_d`fX�`c��X"T�SQ]fX7Nsk�`IecX^]W_lk��.VWS�NUkG�Un
•
� k�`fe-X�]f_dkY�VWRYX�e ]WSUk��.�mtYX�`IVf_dSUk%wYSmXb`Ok�SsV-R�X^rdi�n � X�NQw+X�NQPDR+X"[\X^]DP"_a`IX�e _�VWR%�U]WX�NsV-P^NU]fX�Nsk�w+�+�����@���� �j� ���F�b� ���� �n¢¡£T�k�X^X�wYX�w4¤\]WX�NQwq_lV ¥§¦Y� � ����¥©¨GªU¤QtYkmVf_dr3VfRYX�x�X�NUkY_lk���SUT@VfR�X(�mtYXb`<VW_lSQk�`c_d` P^rlXbNs]bn

• « RYX�PD¬qT�SU] X"[GVW]WNj_dk\T�SU]Wx+NuVf_dSUk�SUk
VfR�X7�YrdNQPD¬G��SmNs]Dw4n

	��¨ �F® ��ªb¨%¯�°v±YSU]1XbNUPDR.SUTYVfR�X i�Ns_d]W`�SsT3`I_dx�iYrdXc�Q]WNUiYR�`�_lk�±�_l�QtY]WX�²Qnl²Q¤uiY]fSu�QXOVWR�NuV1VWRYXcV<e-S(�U]DNsiYR�`�NU]fXc_d`fSUx�SQ]fiYR�_dP�G�%w\_a`fiYrdNF�G_dkY��N��Q]WNUiYR�_d`fSUx�SU]WiYRY_a`fx�¤GSQ] X"[\iYraNs_dk
e RG�+VWRYX^��Ns]WX(k�SsV _d`fSUx�SQ]fiYR�_dPUn
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¦�½B�"ª � ¥ ���F¾ ��� ®�¿ « SQk�`I_aw\X�]cXQn ��n1VfRYX7raNs��X^rd_dkY��_lk#±�_l��n4²Und²+À�NQÁvNUk�w%VfRYX7x+Nsi�iY_lk�� a −→ a′
¤�nlndnd¤

e −→ e′
n

Â ½��"ª � ¥ ���F¾ ��� ®�¿ « SQk�`I_aw\X�]cXQn ��n1VfRYX7raNs��X^rd_dkY��_lk#±�_l��n4²Und²+À���ÁvNUk�w
VfRYX7x+Nsi�iY_lk�� a −→ a′
¤�nlndn

® ½B! � �@�W��ª � ¥ ���F¾ ��� ®�¿�Ã RYXvVWSUiYx�Sm`<V¢�U]DNsi�R�R�NQ`�Ä��UXvi�X^k�w�NskmV{�UX�]IVW_dP^X�`�¤ue RY_lrdXvVfR�X ��SUVIVfSQxÅ�Q]WNUiYR�R�NU`�Æ<t�`IV
VfRY]WX^XQn

Ç ½�! � �@�W��ª � ¥ ���F¾ ��� ®�¿%È ]WSGSsTp�G�ÉP"SUkmVW]WNQw\_dP"Vf_dSUk��qNQ`f`ftYx�XqVWRYX^]WX%X^[\_d`IVW`jN��Q]WNUiYRÉ_a`ISQxjSQ]fi�RY_d`fx���X^V<e-X�X^k
VfRYXb`IX�V<ecS%�U]DNsi�R�`^n « SQk�`I_aw\X�]�VWRYX�raNs��X^rd_dkY�%_dk:±�_d��n�²Und²Un�¡£TOVWRYX�V<e-S
�U]DNsiYR�`�ecX^]WX_d`fSUx�SQ]fiYR�_dPU¤�VWRYX^k a

¤
VfRYXcSUk�rl���UX�]IVWX"[7SsT�wYX^�U]WX^XOT�SUtY]�ecSUtYraw7kYXbP"X�`W`WNs]W_lrd����Xcx�NUiYi�X�w7VWS

a′
Nsk�w_�VD`�k�X^_d�URG��SQ]W`

{b, c, d, e}
ecSUtYraw

��X x+NUiYi�XbwVWS
{b′, c′, d′, e′}

n�o�Sue7¤s_dk�VWRYXcVfSQiYx�SQ`IV1�Q]WNUiYR�¤FV<ecS�SsT�VWRYX�`fXvkYX^_d�URG��SU]D`1Ns]WXcNQwFÆINUP^X^kmV�¤se R�_lrdX
VfRY_a` _a` kYSUVcVWRYXP^NQ`IX�_dk�VfRYX7��SsVfVfSUxÊ�U]DNsiYR�n

¨Y½��"ª � ¥ ���F¾ ��� ®�¿ « SQk�`I_aw\X�]cXQn ��n1VfRYX7raNs��X^rd_dkY��_lk#±�_l��n4²Und²+À�XbÁvNUk�w%VfRYX7x+Nsi�iY_lk�� a −→ a′
¤4nlndnd¤

f −→ f ′
n

Ë
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	��¨ �F® ��ªb¨â��° � `I_l[Gã£`f_dwYX�w�w\_aP"XÉ_a`)]WSUrdrlXbwä²båºVf_dxjXb`^n Ã RYXÉSQt\VWP^SUx�XÉ_d`�]fX�iY]WX�`fX^kmVfXbw��G�KNæ`fX��mtYX�k�P"X X =
(x1, . . . , x10)

¤�e RYX^]WX
xi ∈ {1, . . . , 6}

_a`cVfRYX7]WX�`ftYrlV SsT�VfRYX
i ç�è ]WSUrdr�n

¦�½BépSueKx�NUkG�%w\_lê�X�]fX�kQVpSQt\VWP^SUx�X�` NU]fX(i�SQ`W`I_d�YrdXbë#ìQt�`IVf_lT��q�USQtY]pNsk�`fecX^]bn
� ��í�� ��� � � ¿-Ã R�X`IX^VpSsT�i�SQ`W`f_l�YrdX�SUt\VDP"SQxjXb`v_d` {1, . . . , 6} × . . . × {1, . . . , 6}

¤Ye RY_aPDR�R�NU` P^NU]WwY_lk�NUr��
610
n

Â ½)îæR�NuV�NU]fX(VWRYX7rlXbNU`IVpNsk�w
�U]WX�NsVfX�`IVvi�Sm`f`f_l��rlX7�uNsrdtYXb`vSsT ∑10

i=1
xi

ë#ìQt�`IVf_lT��q�USQtY]pNsk�`IecX^]bn
� ��í�� ��� � � ¿ðï _lk�P"XjX�NUPDR xi

_d`(kYSUV(rdX�`W`�VfR�NUk§²Q¤�VWRYX^_d]7`It�xñ_d`(kYSUV(rdX�`W`�VfR�NUk§²�å�n ï _lk�P"XjX�NUPDR xi

_a`�kYSUV
x�SU]WX�VWR�Nsk

6
¤GVfRYX�_l]p`ftYxÊ_a` kYSUV xjSQ]fX(VWR�Nsk

6 · 10 = 60
n

® ½�îB]W_lVfX7_dk�x+NsVfRYX�x�NsVf_aP^NUr4kYSsVDNuVf_dSUk
VfR�X`IX^VvSUT�SQt\VWP^SUx�X�`v_dkhe RY_aPDR
X^[\NQP>VWrl�qSQkYX7`I_l[
P^SUx�X�`vSQt\V�n� ��í�� ��� � � ¿
A =

{

X ∈ {1, . . . , 6}10 | ∃!i ∈ {1, . . . , 10} , xi = 6
}

= {6} × {1, . . . , 5}
9
∪

{1, . . . , 5} × {6} × {1, . . . , 5}
8
∪nnn

{1, . . . , 5}9 × {6}

Ç ½�épSueßx+NUkm�+w\_lê3X^]WX^kmV SUt\VDP"SUx�Xb`-NU]fX�VfRYX�]fX(_lk�e RY_aPDR%X^[\NQP>VWrl��SUk�X(`f_�[%P^SUx�X�`-SUtYVDë#ìQt�`IVf_lT��+�USUt�]cNUk�`IecX^]bn
� ��í�� ��� � � ¿ � kòX^rdX^x�X^kmV_dk A

Ns��Su�UX�_d`�t�kY_d�mtYX�rl�:w\X"VWX^]Wx�_lkYXbw:�m��SUkYX+_dk�w\X^[
i ∈ {1, . . . , 10}

Nsk�w:�G�
VfRYX��uNsrdtYX�`�¤�_dk

{1, . . . , 5}
9 SUT�VWRYXkY_dkYXSUVfRYX�]�]WSUrdrd`�nvó-�
VfR�X�ô<i�]fS\w\t�P"V�]WtYrlXQ¤ õ�VfR�X.kGtYx.��X^]�SsT¢SUt\VDP"SQxjXb`_d`

10 · 59 = C (10, 1) · 59
n

¨Y½�épSueKx�NUkG�%w\_lê�X�]fX�kQVpSQt\VWP^SUx�X�` NU]fX�VfR�X^]WX7_lk�e RY_aPDR ∑10

i=1
xi = 11

ëhìUt�`<VW_�T��
�USUt�]vNUk�`fe-X�]�n
� ��í�� ��� � � ¿ � `ftYx SUT�²U²&P^NUköSUkYrd�÷��XøSQ�\VWNU_lkYXbwö�G�÷NUwYwY_lkY�ùkY_dkYXúSUkYXb`äNUk�wûNüV<e-S�¤ß_ýn XQn
X ∈ {(2, 1, . . . , 1) , (1, 2, 1 . . . , 1) , . . . , (1, . . . , 1, 2)}

NUk�wqVWRYX^]WX7Ns]WX
10
i�Sm`f`f_l��_lrd_�VW_lXb`^n
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	��¨ �F® ��ªb¨)ÿ�°���X^V f

NUk�w
g
��X�T�tYk�P"Vf_dSUk�` e _lVfR#w\SQx+Ns_dk

N
Nsk�w�P"SUã£wYSUx+Ns_dk

N
¤�w\X^Ä�kYXbw
�G�3�

f (x) = 3
⌈x

3

⌉ Nsk�w

g (x) = x − 3
⌈x

3

⌉

.

« SQk�`I_aw\X�]-VWRYX�T�SUrdrdSue _lkY��`IVWNuVWX^x�X^kmVD`^¤Ye R�_dPDR�x+NF�q��X�VW]ft�X7SU]cT�Nsra`IXQ�
� ¿ ∀y ∈ N, ∃x ∈ N, f (x) = y

n
� ¿ ∀y ∈ N, ∃!x ∈ Z, g (f (x)) = y.� ¿ ∃y ∈ N, ∀x ∈ Z, g (x) + f (x) 6= y.� k�`IecX^]cVWRYX�mtYX�`IVf_dSUk�`��
¦�½�îB]W_lVfXq_dkòM{kY�Urd_a`IR:VfR�Xq`<VDNuVfX�x�X^kmVW`��¤�� NUk�wÉ�qn�¡£Tc�QSUt:rl_d¬UXQ¤@�QSUtòx+NF�)t�`fX�VfRYX+ecSU]DwY`pôISUkYX^ã�VWSsã£SUkYX"õD¤

ô<SQkmVfSuõ>¤sô<��_ Æ<XbP>Vf_dSUk\õ�X^VWPsn
� ��í�� ��� � � ¿� ¿ ô f _a`vSUkmVWS�n õ
SU]OôfNsrdr4k�NuVWtY]DNsr3kGtYx.��X^] y

¤\R�NQ` N�i�]fX^ãý_dx+Ns�UX(�G�
f
¤ õ(SU]7ndndn

� ¿ ô Ã RYXqP"SQx�i�Sm`I_lVf_dSUk:SsT f
NUk�w

g
_d`�Y_ Æ<XbP>VW_l�QXU¤ õ+SQ]�ô<T�SU]Nsrdr{k�NsVftY]DNsr¢kGtYx���X�]

y
¤�VWRYX^]WX+_d`.NhtYkY_a�Qt�X

k�NuVWtY]DNsr4kGtYx.��X^]
x
`It�PDR
VfR�NuV

(g ◦ f) (x)
_a` X��mt�NUr3VfS

y
¤ õ�SU]7ndnln

� ¿ ô Ã RYX�`It�x SsT
g
Nsk�w

f
_a`vkYSsVvSUkmVfS�¤ õ�SQ]{ô VWRYX^]WX�_a`vN.k�NsVftY]DNsr3kGtYx���X�]

y
VWR�NuVvR�NQ`-k�S�iY]WX"ã£_dx�NU�UX��m�

f + g
¤ õ�SQ]7nlndn

Â ½ È ]WSu�UX(SU]pw\_a`Ii�]fSu�QX�XbNUPDR�SsT@VWRYX`IVWNuVWX^x�X^kmVD` �)¤�� NUk�w#�qn
� ��í�� ��� � � ¿� ¿ ±�NUrd`fXU� « NUk ��X)i�]fSu�QX�w©�G� w\_d`fiYraNF�G_lkY�ÉNÉP^SUtYkmVfX�]Iã£X"[YNUxji�rlXQ�h`f_dk�P"XQ¤OT�SQ]%Nsrdr x ∈ N

¤
f (x)

_d`%N
x.tYrlVf_diYrdXSsT��Y¤4²�R�NQ` kYS�iY]WX"ã£_lx+Ns�QX��G�

f
n

� � ¥©¥ � �º¨ �F�u��� �{o�SsVp¬GkYSue�VfR�NsV 0 ∈ N
n

� ¿ ±�Nsra`IXQ� « NUk%��X7iY]WSu�UX�wq�m�qwY_d`fiYraNF�m_dkY��N�P^SUtYkmVWX^]fãýX^[\NUx�iYrlXQ� ï _lk�P^X f (0) = 0
¤
f (3) = 3

¤
g (0) = 0Nsk�w

g (3) = 0
¤\SUkYX�R�NQ`

g (f (0)) = 0 = g (f (3))
n

« Nsk:Nsra`IS
��X�iY]WSu�UX�k)�G�#kYSsVW_lkY�%VfR�NsV (g ◦ f) (x) = 0
T�SQ](NUrlr

x
n¡ k�w\X�X�w4¤@`f_dk�P"X

f (x)
_a`(NUrlevNF�\`�N

x.tYrlVf_diYrdXSsT���Nsk�w
g
x+Nsi�`vx�tYrlVf_diYrlXb` SsT��jVfS+åY¤

g ◦ f = 0
n

« Nsk�Nsra`IS���X7Nsra`fS.iY]WSu�UX�k+�m�q`WNF�G_lk��VfR�NuV `I_dk�P"X f
_a`ckYSsVvSUkYX^ã�VWSsã£SUkYXQ¤

g ◦ f
P�NskYkYSUVc��X(SUkYX^ã�VWSsã£SUkYXQn

� ¿ ±�Nsra`IXQ�¢`I_dk�P"X f (x) + g (x) = x
¤YVfRYX�T�tYk�P>Vf_dSUk

f + g
_a` SUkmVWS�n

�#���3� ¿�� SUt�x�NF�qÄ�k�w�t�`fX"T�tYr4VWSqP"SQxji�t\VfX��G�qR�NUk�whN.T�X�eK�uNUrltYXb`vSsT f (x)
NUk�w

g (x)
n

! � ��¨ ¿ ¡£V{`IRYSQtYrawR�NF�QXO��X^X^k7ô
Z
õcNUrlrGSu�UX�]�NUk�wk�SsV�ô

N
õc_lk.VfRYXvecSU]Dw\_lk���SsT�VfRY_a`1X"[\X^]DP"_a`fX
	ukYS(i�SQ_lkmVD`1e-X�]fX-]fX�xjSu�QX�w

��X�P�Nst�`fX�SsT@VWR�NuVbn
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	��¨ �F® ��ªb¨�@°�îBXP^SUk�`f_aw\X^] `IVf]W_lkY�m`7À�`fX��mtYX�k�P"Xb`WÁ-SsT1PDR�Ns]DNUP"VfX�]W`1ô � õD¤UôfóOõ�NUk�wjô « õ>¤\_lk�e RY_aPDRhP^SUk�`fX�P^t\Vf_d�UX�P"SQk�`fSsãk�NUkmVW` Ns]WX(kYSsV�NUrlrdSue-Xbw�	mVfR�NsVp_d`�¤Y`ftY��`IVf]W_lkY�m`{ôIóvóOõ>¤UôIó « õ>¤uô « óOõ�NUk�wjô « « õ�NU]fX�kYSUVpNsrdrlSuecX�w4n�@X"V
xn

��X7VWRYX.kGtYx���X�]�SUT¢NUrlrdSuecX�w�`<VW]f_dkY�Q`�SsT¢rdX^kY�UVfR
n
VfR�NsV�X^k�w#_lk%ôfóOõ�SQ]cô « õ7NUk�whrdX"V yn

��X7VWRYX.kGtYx���X�]pSsT
NUrlrdSue-Xbw%`IVf]W_lk��Q`cSsT1rlX�kY�sVWR

n
VfR�NuVpX^k�w
_dk+ô � õDn

¦�½�îB]W_lVfXNsrdr3VfR�XNsrdrlSuecX�w
`<VW]f_dkY�Q`vSUT�rdX^k��sVfR�SUk�XU¤GV<ecS�NUk�w
VfRY]WX^X7NUk�w%e ]W_lVfX
x1

¤
x2

¤
x3

¤
y1

¤
y2

Nsk�w
y3

n
� ��í�� ��� � � ¿²bÁ � ¤�ó(¤ « n� Á ��� ¤ � ó(¤ � « ¤�ó � ¤ « � n�QÁ ����� ¤ ��� ó(¤ ��� « ¤ � ó � ¤ � « � ¤�ó ��� ¤�ó � ó(¤Yó � « ¤ « ��� ¤ « � ó(¤ « � « n
x1 = 2

¤
x2 = 2

¤
x3 = 6

¤
y1 = 1

¤
y2 = 3

Nsk�w
y3 = 5

n
Â ½�opSUVf_aP"X�VfR�NuV�¤GT�SQ]

n > 1
¤YNUrlr�`IVf]W_lk��Q`cSsT�rlX�kY�sVWR

n
X^k�wY_lkY��_dk#N�P^SUk�`fSUk�NUkmVvNU]fX�SU�YVWNs_dkYXbw%�G�%NUiYi�X�k�w\_dkY�+N

P"SQk�`ISQk�NskmVcVfSqNjx�X�`W`fNU�UX(SsT1rlX�kY�sVWR
n − 1

VWR�NuVpX�k�wY`v_dkqô � õDn
îB]W_lVfX

xn

NU` N�T�tYk�P>Vf_dSUk#SUT
yn−1

n
� ��í�� ��� � � ¿ xn = 2yn−1

n
® ½BopSUVf_aP"X�VfR�NuV�¤YT�SU] n > 1

¤�Nsrdr�`<VW]f_dkY�Q`vSUT�rdX^kY�UVfR
n
X^k�w\_dkY��_dk+ô � õNs]WX(SU�\VDNs_dkYX�w��G�%Nsi�i�X�k�w\_dkY�qNsk+ô � õ(VWS

NjxjXb`f`WNs�QX�SsT�rdX^k��sVfR
n − 1

n
îB]W_lVfX

yn

NU` N�T�tYk�P"Vf_dSUkhSsT
yn−1

Nsk�w
xn−1

n
� ��í�� ��� � � ¿ yn = yn−1 + xn−1

n
Ç ½���`f_lk��j�QSUtY] NUk�`IecX^]D`OVfSjVfRYX�iY]WX^�G_dSUt�`v�mtYXb`<VW_lSQk�`^¤GÄ�k�w
NjRYSQx�SU�UX�kYX^SQt�`-]fXbP"tY]W]fX�k�P"X�]fX�rdNsVf_dSUk��UX�]f_lÄ�X�w%�G�

yn

n ï SQrl�QX�VWRY_a` ]fX�rdNsVf_dSUk�Nsk�w�e ]W_�VWX yn

NQ`cNjT�t�k�P>VW_lSQk�SUT
n
n

� ��í�� ��� � � ¿ yn = yn−1 + 2yn−2

n
Ã RYX#PDR�Ns]DNUP"VfX�]f_a`<VW_dP%i�SQrl�GkYSQx�_dNUr r2 − r − 2 = (r − 2) (r + 1) = 0

R�NU`+wY_d`IVf_dk�P>V+]WSGSsVW`
r1 = 2

NUk�w
r2 = −1

¤\`fS�VWR�NuV
yn

R�NU`cVfR�X�T�SU]Wx
yn = α12

n + α2 (−1)
n n

ï SUrd�G_lk��
{

y1 = 1 = 2α1 − α2

y2 = 3 = 4α1 + α2,SUkYX��QX"VW`
α1 = 2

3

Nsk�w
α2 = 1

3

NUk�w

yn =
1

3

(

2n+1 + (−1)
n
)

.

¡£Vp_d`pe-SQ]IVWR
PDRYXbPD¬m_dkY�jVfR�NuV _lk�w\X^Xbw
y3 = 1

3
(16 − 1) = 5

NU`vevNU`cT�SQtYk�whNs��Su�UXQn
¨Y½)îB]W_lVfX�VfR�X�VfSsVDNsr4kGtYx���X�]pSsT1NsrdrlSuecX�w
`<VW]f_dkY�Q`�¤

xn + yn

NU`vNjT�tYk�P"Vf_dSUkhSsT
n
SQkYrl�Qn

� ��í�� ��� � � ¿�� kYXOx+NF�7]WX�P�NsrdrsVfR�NuV xn+yn = yn+1 = 1

3

(

2n+2 − (−1)
n
) SU]�t�`fXOVWRYXc]fX�rdNsVf_dSUk

xn = 2yn−1VfS+�QX"V

xn + yn =
1

3

(

2n+1 + (−1)
n
)

+
2

3

(

2n + (−1)
n−1

)

=
1

3

(

2n+1 + (−1)n
)

+
1

3

(

2n+1 − 2 (−1)n
)

=
1

3

(

2n+2 − (−1)
n
)

=
1

3

(

2n+2 + (−1)
n+1

)

= yn+1.


