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L:MONQP?ROSCT,UKV:P4WYX[Z\MO]*^*N[P?R`_badc:e<f�gih8jlknmoZpX[TbX[T:P�q`N[P?RrX>P4WYXQSsR`N>P�Rr]6_,g�tGu4f�h�v�uw jla`x
eOtGw.tGu?c:u?tyh�z|{~}��D�`MOVbT6R<�OP�_:M`V:��XCWQRr��M`V�X�moT8RlXQZ�WQROW��OP?_F^��8hn�.c:e4��X>M�X>T:P�m�M`NC_�Z�]:q�Mr�
X[T:P�UKV:P4WYX[Z\MO]�V:]KX>Z��6X[T:P���P?R`]:Z�]:q�Mr�'X[T:P�UKV:P4WYX[Z\MO]�Z�W�S���P?R`N?{ �DT:Ps]�X[N>�~X>Mi�6]6_�R`]�Rr]6W>m�PsN4{
}��.�`MOV�q`PsX�WYX[V6SC�'^:_�M`]���XoT:P?W>Z\X[RlX[P�X>M�e`h�z'u?c6eru��OM`V:N���{ ��{:MOND��PO{
����P?ROW�P�W>PsP�Rr�"W>MX[T:P�P��:R`���6�\P�W>M`��V�X>Z�M`],Mr�oR��Y�6N>Ml�OP~�d��Z�]6_�V8SAX>Z�M`]���P���P?N[SsZ�W>P`^1RrXQX>T:P

P?]6_�M`��X[T:Z"W�_�M�S�V:��P?]OX4{
����P?ROW�P�moN>Z\X>P��`M`V6N|W>P?SAX[Z\MO]�]dV:�i��PsN�M`]��`M`V6N�T:MO��P?m|MON>��R`W|m|P?�\�'R`W�RQN[M`V:qOT�P?W�X>Z���RlX[P

M`�1X>T6P�X>Z���PQ�OM`V W���Ps]KX�W>M`���dZ\]:q�Z\X?{

��¡ aKj<eOty¢4aH£8¤�¥*PsX
A
^
B
Rr]8_

C
��P�X[T:P�W>P�X[W�_�P��6]6P?_��d�

A =
{

x ∈ Z | x2 < 9
}

B =
{

x ∈ N | x2 ≤ 9
}

C =
{

x ∈ N | x ≤ 100 ∧ ∃y ∈ N, y2 = x
}

c8¦b§�PsX>P?N>��Z�]:P�X[T:P�]dV:�~�8P?N[W$M`�*Ps��Ps��Ps]KXCW�Mr�
A
^
B
R`]6_

C
{$�DT6RlX�Z�W?^d_�P�X[PsN[��Z�]:P

|A|
^

|B|
Rr]8_

|C|
{

� h�¨yv�u?t©h8z|ª
|A| = |{−2,−1, 0, 1, 2}| = 5

{
|B| = |{0, 1, 2, 3}| = 4

{
|C| = |{0, 1, 4, 9, 16, 25, 36, 49, 64, 81, 100}| = 11

{
�$¦�§�PsX>P?N>��Z�]:P�X>T:P�]dV:�~�8P?NoMr�.Ps��Ps��Ps]KX[WDZ�]

A ∪ B
^
A ∪ C

^
A ∪ C

^
A ∩ B

^
A ∩ C

^
B ∩ C

{
� h�¨yv�u?t©h8z|ª
|A ∪ B| = 6

{
|A ∪ C| = 14

{
|A ∩ B| = 3

{
|A ∩ C| = 2

{
|B ∩ C| = 2

{
eK¦b§�PsX>P?N>��Z�]:P�X>T:PQ]dV:�~�8P?NoMr�.Ps��Ps��Ps]KXCWDZ\]

A × B
^
A × C

R`]6_
A × B × C

{
� h�¨yv�u?t©h8z|ª
|A × B| = 20

{
|A × C| = 55

{
|A × B × C| = 220

{
��¡ aKj<eOty¢4a � ¤¬«,N>Z\X>P�Z�]��]:q`��Z�W>T�X>T:P��GMO�\��MlmoZ�]:q�W�X[RrX>P?��P?]KX

∀A ∀B, |A ∪ B| = |A| + |B| .®
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� h8¨©v1u4tyh�z�ª�L:MON�Rr���
A
^��GMON�Rr���

B
^�X[T:P�SsR`N[_:Z\]6R`�FMr��X>T:P�V6]:Z\MO]M`�

A
R`]6_

B
Z�W�X[T:PiW>V:�¾M`�

X[T:P�SsR`N[_�Z�]6R`��W�Mr�
A
Rr]6_

B
{

��N[Ml�`P¬M`N�_:Z�W>�:N[Ml�`P�X[T:Z"W�WYXCRlX[Ps��Ps]KX?{
� h8¨©v1u4tyh�z�ªE�DT6Z�W�W�X[RrX>Ps��P?]OX�Z"W~�yRr�"W�PO¿�� Rr�OP

A = B = {1}
{
|A ∪ B| = |A| = 1 6=

|A|+ |B| = 2
{�ÀdM~X>T:P�WYXCRlX[Ps��Ps]KX

|A ∪ B| = |A|+ |B|
Z�W�]:M`X|X[N>V6P��GMONDR`�\�

A
Rr]6_Rr���

B
{

ÁÂh8u?a�ª|Ã�M`VÂW�T6M`V:�"_�N>P4SsRr���'�GN[M`�ÄSs��ROW>W�X[T6RlXoX[T:P�W�X[RlX[Ps��Ps]KX
|A ∪ B| = |A| + |B|

Z"WDX>N[V:P
h�z�¨yÅÆtyÇ

A ∩ B = ∅
{�ÀdPsP��[ÀdV:�ÄN>V6�\P���Z\]�X[T:P�X>Ps�KX[�8MdMO��{

��¡ aKj<eOty¢4aEÈ*¤¬«,N>Z\X>P�Z�]��]:q`��Z�W>T�X>T:P��GMO�\��MlmoZ�]:q�W�X[RrX>P?��P?]KX

∀A ∃B, |A ∪ B| 6= |A| + |B| .

� h8¨©v1u4tyh�z�ª|L:M`NoR`�\�
A
^:X>T:P?N>P¬P���Z"WYXCW�R

B
W�V6SCT�X>T6RrXDX>T:PQSsR`N[_:Z\]6R`�8M`�1X[T:P�V:]:Z�M`]�M`�

A
Rr]8_

B
Z"W�_�Z\É�P?N>P?]OXD�GN[M`�¾X>T:P�W>V:�ÊM`��X[T:P�SsR`N[_�Z�]6R`��W�Mr�

A
Rr]6_

B
{

��N[Ml�`P¬M`N�_:Z�W>�:N[Ml�`P�X[T:Z"W�WYXCRlX[Ps��Ps]KX?{
� h8¨©v1u4tyh�z�ª��DT:Z"WoWYXCRlX>P?��Ps]KX�Z�W��yR`��W>P`{$«,PQmoZ��\�F�:N[Ml�`P¬Z\X[Wo]:P?qORrX>Z�M`]

∃A ∀B, |A ∪ B| = |A| + |B| .� Rr�OP
A = ∅

{$L:M`NoR`]K��W>P�X
B
^
A ∪B = B

R`]6_�MO]:P¬T6R`W
|A ∪ B| = |B|

R`]6_
|A|+ |B| =

0+ |B| = |B|
X>MdM8{.ÀdM�X[T:P�W�X[RrX>Ps��P?]OX

∀B, |A ∪ B| = |A|+ |B|
Z"W.X>N[V:Po�GMON$moT:Ps]

A = ∅
{

ÁÂh8u?a�ª|�DT6PsN[P¬m�PsN[P¬��R`]d���yRr�"W�P��:N[MdMr�yW�Mr��X>T:P�XY�d��P`¿1�YX[Rr�OP
A = {1, 2}

R`]6_
B = {1, 2}

{
�DT:P?]

|A ∪ B| = 2 6= 2 + 2 = |A| + |B|
{ � �DT:Z"WDZ�W�R~�lR`�\Z"_��:N>MdM`��Mr��X>T:P�W�X[RrX>P?��P?]KX

∃A ∃B, |A ∪ B| 6= |A| + |B| ,moT:Z"SCT�Z�Wom�P?R`�`P?N�X[T6Rr]�X>T6P�_�P?W>Z\N[P?_�W�X[RlX[Ps��Ps]KX
∀A ∃B, |A ∪ B| 6= |A| + |B| ,moT:Z"SCT�Z�WD�yR`��W>P`{

��¡ aKj<eOty¢4aÂË1¤¬«,N>Z\X>P�Z�]��]:q`��Z�W>T�X>T:P��GMO�\��MlmoZ�]:q�W�X[RrX>P?��P?]KX

∃A ∃B, |A × B| = |A| · |B| .

� h8¨©v1u4tyh�z�ª|�DT:PsN[P�Ps��Z�W�X[WDRr]
A
^KX>T6PsN[P�Ps�dZ"W�X[WDR

B
W>V6SCT�X[T6RlX�X>T:PQS?RrNC_�Z\]8Rr��Mr�*X[T:PiÌ�RrN>X>P�Í

W>Z�R`]�6N>M�_�V6S�XoMr�
A
Rr]6_

B
Z�WDP4UOV8Rr�'X>M�X[T:PQ�:N[M�_�V6SAXoM`��X[T:P�SsR`N[_�Z�]6R`��W�Mr�

A
Rr]6_

B
{

��N[Ml�`P¬M`N�_:Z�W>�:N[Ml�`P�X[T:Z"W�WYXCRlX[Ps��Ps]KX?{
� h8¨©v1u4tyh�z�ª��DT6Z�W|WYXCRlX>P?��Ps]KX�Z"W.X>N[V:P`¿.� Rr�`P

A = B = {1} Î MON�Rr]d�~W>P�X4^`�GMON$X>T8RlX���RlX>X>P?NCÏ�{Ð ]:P�T6ROW
|A × B| = 1 = 1 · 1 = |A| · |B|

{
ÁÂh8u?a�ª�À�PsP����:N>M�_�V8SAXoN>V6�\P��¬Z�]X[T:P�X>Ps�dX>��MKMO�'{

��¡ aKj<eOty¢4a � ¤o«bN[ZpX[P`^KZ\]���RrX>T:P?��RrX>Z"SsR`�6]:M`X[RlX[Z\MO]*^OX>T:P�]6PsqORrX>Z�M`]6W�Mr�'X>T:P��GM`���\MlmoZ�]:q�W�X[RrX>P�Í
��Ps]KXCW
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c8¦

a = 1 =⇒ a > 1
{

� h�¨yv�u?t©h8z|ª
a = 1 ∧ a ≤ 1

{
ÁÂh6u4a�ª

¬ (P =⇒ Q) ≡ P ∧ ¬Q
{

ÁÂh6u4a�ª�Ã�M`VÒW�T6M`V:�"_H�8P�R`�:��P�X>MÂmoN[ZpX[P�X>T:P�]:PsqKRlX>Z�M`]HM`�DR`]K�,WYXCRlX[Ps��Ps]KX?^ Z�]6_�P�Í
�8P?]6_�P?]OX[�\�Mr� X>T:Z�]:�dZ�]:q�X>T6RrXoZpX�Z"WDX>N[V:P�M`N4^:R`WoR`�8Ml�OP`^K�yRr�"W>P`{

�$¦
b2 6= 4 ⇐⇒ b /∈ {−2, 2}

{
� h�¨yv�u?t©h8z|ª

b2 6= 4 ⇐⇒ b ∈ {−2, 2}
MON

b2 = 4 ⇐⇒ b /∈ {−2, 2}
{

ÁÂh6u4a�ª
¬ (P ⇐⇒ Q) ≡ ¬P ⇐⇒ Q ≡ P ⇐⇒ ¬Q

{
eK¦

∀x, x ≥ 2 =⇒ −2x ≥ 4
{

� h�¨yv�u?t©h8z|ª
∃x, x ≥ 2 ∧ −2x < 4

Ó�Z\]KX?¿�Ô�W�P¬XCRr�:��P?W�Õ�R`]6_ ÖiM`��×�Ø�Ù�^��*{8ÚrÛ6{
��¡ aKj<eOty¢4a,Ü1¤QL:MON�Rr��� ]6RlX[V:N[R`�1]dV:�~�8P?N

n
^��\PsX

xn

�8P�R�N[P?R`�1]dV:�i��PsN4{�¥1P�X
x1 = 2

R`]6_F^
�GMON�Rr���

n ≥ 1
^6_�Ps�6]:P

xn+1 =
1

2
xn.

c8¦HÌ|M`���:V�X[P
x2
^
x3
^
x4

R`]6_
x5
{

� h�¨yv�u?t©h8z|ª
x2 = 1

2x1 = 1
^
x3 = 1

2

^
x4 = 1

4

R`]6_
x5 = 1

8

{
�$¦bÀdT:MlmÝ�K�Z\]8_�V6SAX[Z\MO]�X>T6RrX

∀m ∈ N, xm = 22−m
{

� h�¨yv�u?t©h8z|ª|¥1P�X
P (n)

��P�X>T:P�W�X[RrX>P?��P?]KX
P (n)

∆
≡ xn = 22−m

{
ÞDR`W>Z�WoW�X>P?�*¿

x1 = 2 = 21 = 22−1 ^:W>M~X[T6RlX P (1)
Z�WDX[N>V6P`{

}ß]6_�V6S�X>Z�M`]àW�X>P?�*¿áÀdV:�:��MOW>P
P (n)

Z"WÂX[N>V:PO{â¥*PsX?ã W�W>T:MlmäX[T6RlX4^iZ�]åX>T:Z"W�S?R`W>P`^
P (n + 1)

Z"WiR`��W>M�X>N[V:P`{ÂÀdZ�]6S�P
P (n)

Z"WQX>N[V:PO^�MO]:P�T6R`W
xn = 22−n

{ §�Z��dZ�_:Z\]:q
P?ROSCTEW�Z"_�PiM`�.X>T:Z"W�P4UKV6RlX[Z\MO]Â�K��XYm�M6^8M`]:P�qOP�XCW 1

2xn = 22−n−1 = 22−(n+1) {�Þ��_�P��8]:ZpX[Z\MO]~M`�
xn+1

^rX>T:Z"W.��ROWYX.P?UKV6RrX>Z�M`]~Z�W
xn+1 = 22−(n+1) ^lmoT:Z"SCT�Z�W P (n + 1)

{
ÀdPsPiÀ�P?SAX[Z\MO]�æ6{ æ�M`��X[T:P�X>Ps�KX[�8MdMO��{

eK¦b¥*PsX
ε
��P�RWYX[N>Z"SAX[�\� ��MOW>ZpX[Z\�OPiN[P?Rr��]dV:�i��PsN4{�ÀdT:Mlm	X>T6RrX�X[T:PsN[PiPs��Z�W�X[W¬R�]6RrX>V:NCRr�

]dV:�i��PsN
k
W>V6SCT�X[T6RlX

xk < ε
{

Ó�Z�]KX?¿
ε = 2log

2
ε > 2blog2

εc−1 ^6moT:P?N>P log2

Z"Wo�6ROW�PsÍßÚ~��M`qOR`N>Z\X>T6�ÄRr]8_
bc
Z�WoX>T:P

�\Mlm�PsN>Í�N>MOV:]6_�Z�]:q�MO�8P?N[RrX>Z�M`]*^�W>M�X>T8RlX
bxc

Z"W�X>T:P��"RrN[q`P4WYX�Z\]KX>P?q`P?N|]:M`Xo��R`N>qOPsN�X[T6Rr]
x
{
� h�¨yv�u?t©h8z|ªÝ¥1P�X

k = 3 − blog2 εc
{ç�DT:Ps]

xk = 22−k = 22−3+blog
2

εc =
2−1+blog

2
εc < 2log

2
ε = ε

{
��¡ aKj<eOty¢4a � ¤QÀdV:�6�8MKW�PQR��8P?N[W>M`]��yW|�GV:���1]6R`��P�Z"W�S�MO���8MKW�P4_�Mr�.PsZ\X>T6PsN

•
R~�6N[W�X�]6R`��PQR`]6_ R~�"R`W�Xo]6Rr��P�M`N

•
R~�6N[W�X�]6R`��PO^:R�W�P4S�M`]8_�]6R`��P�Rr]6_�R���ROWYXo]6R`��PQMON

•
R~�6N[W�X�]6R`��PO^:R�W�P4S�M`]8_�]6R`��P`^6R~X>T6Z\NC_�]6Rr��PQRr]6_�R���ROWYX�]8Rr��P`{

èÂMON>P?Ml�`P?N?^lX[T:PsN[PQRrN[P�éOéKÖlêOê�_�Z\É�P?N>P?]KXD�"R`W�XD]6Rr��P?W?^�Rr]6_�X>T:P?N>P�RrN[P¬ÛKÚOÖ`ëQ_�Z\É�P?N>P?]KX��GP?��Rr��P
�6NCW�X�]6R`��P4W�Rr]6_ÆØ4Ú�Ø4ê���Rr��Pi�8N[W�X¬]8Rr��P?W ® {��DT:P�W>P?SsM`]6_ER`]6_ÂX[T:Z�N[_�]6Rr��P?W¬M`�|R���PsNCW�MO]
R`N>P¬X[R`�`P?]��GN[M`�¾X>T:P�W[Rr��PQW�PsX�R`WDT:Z"WAì<T:P?ND�6N[W�X�]6R`��PO{�¥*PsX

L
^
F
Rr]6_

M
��P�X>T6PiW�PsX[WoM`�

�"R`W�X?^d�GP?��R`�\P¬�6NCW�X�Rr]6_��Rr��P��8N[W�X�]6Rr��P4Ws^�N[P?W>�8P4SAX[Z\�OPs���`{
c8¦b§�Ps�6]:P¬X>T6P�W>P�XD�GV:���F]6R`��P4Ws^�V8W�Z�]:q~X>T:PQW>P�X[W

L
^
F
^
M

R`]6_�V8W�V6R`�FW�PsXDMO�8P?N[RrX>Z�M`]6W
W�V8SCT ROW�V:]:Z�M`]*^:Z�]KX>P?N[W>P?S�X>Z�M`]*^:SsM`���:��Ps��Ps]KX?^:SsN>MKW>W��:N[M�_�V6S�X�P�X[S`{

® 2síAî<ï©ðYñAòF0�9 2`9r('ñYó<ô©î<ô %'î4ï©ñ�õCî¬ö�÷A÷Cø6ùGúAú>ûAûAû6üyý[þ[ÿ������Kü����	�sú	��þ[ÿ?þ�
�������sú[ÿ�
��<þ��Cú?9
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� h�¨yv�u?t©h8z|ª �DT:PHW�PsX M`�i]6R`��P4W�M`��X>T6Pb�GMON>� �6NCW�X�Í���ROWYX4^��GM`N���MrX>T	q`P?]6_�P?N[WZ�W
F ×L∪M×L

{��DT:P�W>P�XoMr� ]6Rr��P?W�M`�1X>T6P��GMON>�Ê�6N[W�X�ÍßW>P?S�MO]6_dÍ���ROWYX�Z�W
F ×F ×

L ∪ M × M × L
{ �DT:P�W�PsXiMr�D]6R`��P4WQMr�DX[T:P��GM`N[�ä�8N[W�X�ÍßW�P4S�MO]6_dÍ X>T:Z�N[_�Í �"R`W�X¬Z"W

F ×F ×F ×L∪M×M×M×L
{����\X>MOq`P�X[T:PsN4^OX>T:P�W�PsX|M`�F�GV:�\�']6R`��P?W|Z�W�X>T:P

V:]:Z�M`] Mr��X>T:P4W�P�X[T:N[PsPQW�PsX[W?¿
F × L ∪M×L∪
F ×F × L ∪M×M×L∪
F ×F ×F ×L ∪M×M×M×L.ÀdPsPiÀ�P?Sr{�Û8{\Ø�M`��X[T:P�X>Ps�KX[�8MdMO��{

�$¦�Ó�MlmÝ��R`]d��_�Z"WYX[Z\]6S�Xo�GV:���1]6R`��P4WoRrN[P�X[T:PsN[P����`V6W�X>Z\�G���OM`V:NoR`]6W�m�PsN4{
� h�¨yv�u?t©h8z|ª�À�Z\]6SsP�X>T:P�W>V:�6W>P�XCWDZ\]�X[T:PQV:]:Z�M`]ÂRrN[P�_�Z�W��YM`Z�]KX?^�X[T:PsN[PQRrN[P

|F × L| + |M×L| + |F × F × L| + |M×M×L| +
|F × F ×F × L| + |M×M×M×L| =

|F| · |L| + |M| · |L| + |F|2 · |L| + |M|2 · |L| + |F|3 · |L| + |M|3 · |L| ' 7.1E15,

��¡ aKj<eOty¢4a��*¤D}ß]�RQ_�P4SC��^`X>T:P?N>P�R`N>PoæKÚ�SsRrNC_:W?{1�ROSCT�SsRrNC_~Z�W$M`�FM`]:PoM`�8�GMOV:N���MOW[W�Z��:��PDW>V:Z\X[W
R`]6_�MO]:P�Mr�.PsZ�q`TKXo�8MKW>W>Z��:�\P��dZ�]6_:W?^6W�M�X[T6RlXDX>T6P�_�P?SC��S?Rr] ��PQZ�_�P?]KX>Z\�6P?_moZpX[T X>T:P�W>P�X

D = {(s, k) | s ∈ {1, 2, 3, 4} , k ∈ {1, ..., 8}} .�àT6Rr]6_EMr��P?Z\qOTOX�SsR`N[_:W�Z�W¬R�W>P�X¬Mr��P?Z\qOTOX�_�Z"WYX[Z\]6S�X�S?RrNC_:W�M`��X>T6P~_�P4SC��^'Z { PO{�X[T:P�M`NC_�PsN�Mr�
X[T:P�SsR`N[__�MdP?WD]:M`X���RrX�X[PsN4{

c8¦b§�Ps�6]:P�X[T:P�W�PsX�Mr� T6Rr]6_6WoMr� PsZ�q`TKX�SsRrNC_:W?{
� h�¨yv�u?t©h8z|ª|Ô�W�Z�]:q�X[T:P�W�PsXo�:V:Z���_�P?N�]:M`X[RlX[Z\MO]*¿
{{c1, ..., c8} | ∀i ∈ {1, ..., 8} , ci ∈ D

Rr]6_
∀i 6= j, ci 6= cj} =

{{c1, ..., c8} | ∀i ∈ {1, ..., 8} , ci ∈ D} =

{H ⊆ D | |H | = 8}}ß],X>T:P�X[M`�:��MOW�X�P����:N[P?W[W>Z\MO]*^'X>T:P��6RrN>X��
∀i 6= j, ci 6= cj

��Z"WQ]:MrX�]6PsP?_:P?_HW�Z�]6SsP
�
{c1, ..., c8}

��V6W�V8Rr���\���P4Rr]6W�X[T6RlXDX[T:P
ci

R`N>P�Rr���*_�Z"WYX[Z\]6S�X?{
ÀdPsPiÀ�P?Sr{FØO{ Õ6^�P?W>�8P4S�Z"Rr���\��$�:Rr���:��Piëi�1{�Ölê6{

�$¦�Ó�Mlm ��Rr]d��_�Z\É�P?N>P?]KX�T6Rr]6_6W�Mr�DPsZ�q`TKXiSsR`N[_:W�R`N>P�X>T6PsN[P����DT8RlXQZ�W?^ moT6RlXQZ"W�X>T:P
SsR`N[_�Z�]6R`�FMr�1X[T:P�W>P�X�Mr� T6Rr]8_:WoMr� PsZ�q`TKX�SsR`N[_:W?{��`V8WYX[Zp�G��`M`V6NDR`]6W>m|P?N?{
� h�¨yv�u?t©h8z|ª|�DT6Z�WoZ"W�X>T6PQ]KV6�i��PsN�M`� W>V:�6W>P�X[WDM`�.é�MOV�X�Mr�.æOÚ~Ps��Ps��Ps]KXCWDZ�W

C (32, 8) = 10518300ÀdPsPiÀ�P?Sr{�Û8{\ØO{
eK¦bÓ�Mlm ��R`]K��_�Z\É'PsN[Ps]KX�T8Rr]6_:W�M`�*PsZ�q`TKXDS?RrNC_:W�RrN[P�X>T6PsN[P�Z�]�moT:Z"SCTR`�\�FSsR`N[_6W|R`N>P�Mr�

X>T:P�W[Rr��PQW>V:ZpX4{��`V8WYX[Zp�G��`M`V6NDR`]6W>m|P?N?{
� h�¨yv�u?t©h8z|ª�Û8{
��]d�W>Z�]:q`��P�ÍßW�V6ZpXoT6R`]6_�M`� P?Z\qOTKXoS?RrNC_:W�Z�W�_�P��6]6P?_�V:]:Z"UKV:Ps�����d�
Ø4Ï�Ì|T:MdMKW�Z�]:q�R�W>V:Z\X

s ∈ {1, 2, 3, 4}
{

Ú`ÏD�áW>V:�6W>P�XoMr�.PsZ�q`TKXoM`V:XDM`� P?Z\qOTKXoS?RrNC_:W?{
�DT:PsN[PR`N>PÛb��MOW[W>Z\�:Z���ZpX[Z\P4W~RrX~X[T:P��8N[W�X�W�X>P?� Rr]8_

C (8, 8) = 1
RlX�X>T6P�W>P?SsM`]6_

WYX[Ps�*^8W�M�Z�] R`�\� ^
1 · 4 = 4

��MOW[W�Z��:Z��\Z\X>Z�P?W?{
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��¡ c��Òw.¨ya�¤���jlh*h�Ço�FÅ t©z�k v eru?t©h8z|{
ÀdV6�:�8MKW�P�m�PQRrN[P¬qOZ\�OPs]�u?f aÂÇ�c:eru4¢

L:M`NoR`�\�*]8RlX>V6N[R`��]dV:�~�8P?N
n
^���P�X

xn

��PQR�N>P4Rr�']dV:�i��PsN4{�¥*PsX
Î é6{\Ø<Ï x1 = 1Rr]6_F^d�GMON�Rr���

n ≥ 1
^:_�Ps�6]:P

Î é6{ ÚOÏ xn+1 = xn +
1

3
.

�DT:Z"WD��P?R`]6W�X>T6RrX
c8¦EX>T:P?N>PDZ"W$Rr]�Z\]:�6]:Z\X>P�W>P?UKV:Ps]8S�P�Mr�8N[P?R`�d]KV6�i��PsNCWs^rmoT6PsN[P�X[T:P

n  �! ]dV:�~�8P?N$Z�W$S?Rr���\P4_
xn

{
�$¦��DT:P��6NCWYXo]dV:�~�8P?NoMr� X>T:P�W>P?UKV:P?]6S�P�Z"W

1
{

eK¦�}*�d]:Mlm,X>T6RrX�X[T:P
(n + 1)  �! ]dV:�~�8P?N�Z�]�X[T:PDW�P4UOV6Ps]6SsP�Z"W1P4UOV8Rr�OX>M�X[T:P n  �! ]dV:�i��PsN�:��V6W 1

3

{
�|�d�:Z�S?Rr���\�O^dm|PQmoZ��\�FmDRr]KXDX>M�SsM`���:V�X[P¬X>T:P��6NCW�Xo�GPsm ]dV:�~�8P?N[WDZ�]�X>T:P�W>P?UKV:P?]6S�PO¿

x2 = x1 +
1

3
=

4

3
' 1.333, x3 = x2 +

1

3
=

5

3
' 1.666, ...

}��.}|R`�ÄR`W>�`P4_�u4f�a�"Fv ad¢su4tyh�z
ÀdT:Mlm �d��Z�]6_�V8SAX>Z�M`]�X[T6RlX

Î é6{ æKÏ ∀m ≥ 1, xm =
2 + m

3

X[T:Z�WD��P4Rr]6WDX[T6RlXo}DW�T6M`V:�"_W>T:Mlm X>T6RrX
�GM`NDRr���']6RlX[V:N[R`�8]dV:�~�8P?N

m
qON>P4RlX>P?N�MON|P4UOV8Rr�8X>M

1
^
xm

Z�W�P4UOV8Rr�8X>M 2+m
3MON?^d�:V�X�Z\] WYX[Z\���1R`]:MrX[T:PsNomDR<�

�GM`N�R`�\�8]6RlX[V:NCRr��]dV:�i��PsN
m
q`N[P?RrX>P?N$M`N�P4UOV8Rr��X[M

1
^rX[T:P�W�X[RlX[Ps��Ps]KX

xm =
2+m

3

Z"W�X>N[V:P`{
ÀdM8^<q`Z��`Ps]�X[T:P|�yR`SAXCW1Z�]i|UOV8RlX>Z�M`]8W Î é:{�Ø4Ï*R`]6_ Î é:{ Ú`ÏA^<}*�~V6W�X���P�R`�:�\P�X>M¬�:N>Ml�OP.X>T6RrX?^lZ�]6_�P?P?_F^�UKV6RrX>Z�M`] Î é6{ æKÏ�Z"WDX[N>V:PO{�#�M`X>P¬X>T6RrXoX>T:Z"WoZ"WoR��:N[M`��PsN>XY��Mr� R`�\�1]6RlX[V:N[R`�']KV6�i��PsNCWs{Ó�MlmÝ_�M�}DW�T:Mlm X>T6RrX�� }ß]�X>T6N>P?P�WYX[Ps�6W?¿

c8¦%$¬Z\�OP�R�]6Rr��PO^�P`{ q6{
P (m)

X[MEX[T:PÂWYXCRlX>P?��Ps]KX~X[T6RlX�}�mDRr]KXiX[Mb�6N>Ml�OP��GM`N�Rr]d�
]dV:�i��PsN

m ≥ 1
{$}ß]X>T:Z"W�S?R`W>P`^

P (m)
Z�W�X[T:P�WYXCRlX[Ps��Ps]KX

xm = 2+m
3

{
�$¦��ÞDROW�Z"W�W�X>P?�d�C¿o}�W>T:Mlm	X>T8RlX�X[T:P~W�X[RrX>P?��P?]KX

P (1)
Z�W�X>N[V:PO{��DT6RrX�Z"W ± ^FW�T6MlmÝX[T6RlX

x1 = 2+1
3

{
eK¦��Y}ß]8_�V6SAX[Z\�OP�W�X>P?�d�A¿�}iW>T:Mlm X>T8RlX�Zp�Y^��GM`N�W�MO��P

k ≥ 1
^$X[T:P WYXCRlX>P?��Ps]KX

P (k)
Z"W

X>N[V:P Ñ ^�X[T:Ps]�X>T6P�WYXCRlX>P?��Ps]KX
P (k + 1)

Z"W�Rr�"W>MiX[N>V:P � {

± 2�& ó<ðYñ
P (m) ≡ xm = 2+m

3

9Ñ /('lõ	)*& ô,+�)-'<ñ�ô-) õ	) ñ�.oñYó�)
xk = 2+k

3

& ô/) ïyî<ñA9� /('lõ	)*& ô,+
xk+1 =

2+(k+1)
3

& ô1õ�0 ô í1) ïyî<ñA9
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� Å c:z�¢?giaKj�moZ\���*S�MO]6W�Z"W�XDM`�
§�P��8]:P�X>T:P�W�X[RrX>P?��P?]KX

P (m)
X>M���P`¿

P (m)
∆
≡ xm =

2 + m

3}ß]bM`NC_�PsN�X>M��:N[Ml�`P��d� Z\]8_�V6SAX[Z\MO]EX[T6RlX
P (m)

Z"W�X[N>V:P~�GM`N�Rr���
m ≥ 1

^�Z\X�Z�W�W>V43�S�Z�Ps]KX�X[MW>T:Mlm
X[T6RlX4¿
57698�:�878�;=<=>/?

P (1)
Z"W$X>N[V:PO{ �DT:Z"W|Z�W�X>N[V:P���P?SsR`V6W>P

P (1)
∆
≡ x1 = 2+1

3

�d��_�P��6]6ZpX[Z\MO]�Mr�
P ()

R`]6_
x1 = 1 = 2+1

3

�d�R`W[W>V:����X>Z�M`](@C{
ABDCFEHG;I:KJ9<L8�;M<=>/?���W[W�V6��P�X[T6RlX4^d�GM`N�W>M`��P

k ≥ 1
^
P (k)

Z�W�X>N[V:PO^:Z©{ P`{$MO]:P�T6R`W
xk =

2 + k

3
.

Ð ]6P�R`��W>M�T6R`W�N
xk +

1

3
=

2 + k

3
+

1

3
=

2 + (k + 1)

3
.èEM`N[PsMl�`P?N?^K�d��_�Ps�6]:Z\X>Z�M`]PO.M`�

xk+1
X>T6Z�WoPs���:N>P4W>W>Z�M`]�Z"W�R`��W>M~P4UKV6Rr�'X[M

xk+1
^6W>MiX[T6RlX�MO]:PQT6ROWs¿

xk+1 =
2 + (k + 1)

3
.

�DT6Z�W�W�X[RrX>P?��P?]KXDZ"W
P (k + 1)

^�moT:Z"SCT Z�W�X[TdV6W�_�P4_�V6S�P4_�GN>MO�
P (k)

{
@ /P'4ñ�õCô©ô î9.RQS)I& íAóT.oñ�ó)-& íAó<ñ�UV'<ñYïyñ7& ô�#XWsîlõ	)-& íAóZY�[49 =,\�9�/('<ñR]\í?í�)©ó<í�)©ñYôoõCï©ñ�ó<í�)^QlõCï_)Dí�]()-'<ñ�õCó<ô-`FñYï�) ía)-'<ñ
W?î<ñYô�)I& íAóK9
N %Db�õ�U9U�& ó9c 1

3

)©íedrí�)I'�ôI&fU<ñYô1í�]4)I'9& ô1ñ�W?î<õ	)I& íAóK9O /('9& ô(& ô1#XWsîlõ	)-& íAóTYg[49 ;\ß9
ÀdP?PQRr�"W�M�X>T6PQP��:Rr���:��P?W�Mr� X>T6P�X>P��dX[�8MdM`��×\ØsÙ ^:�6�*{8ÚlÛihiMO]dm�R`N[_F{

jLk�lmk�n/k�oPpDkHq
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