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K&LNM9O�PRQ;SHOUT2V�T�WXTZY9M�[]\7TE\^[_\a`^PRYbSbOdcfe�PN[hgCS9\Zi
jkP$M�Lml]M�nUl]LoSHPRYp[]\pgUTZTEqXT�q�PRYaLRlhl_Po`rTEq$[_g�SbOU[]\aT�WULRs�i
t5uvuxwzyr{o|
}�~N{=���r{o���U����}�|!���R��wzy�}����^uvwzyrw��R����y i
� qX��[]M�TR�

• � T�LNqdLml_l�SbOUT2TZW�T�YHMZ[_\bT�\^��T�Q�PNYbT2Lmg�\7`^TZYH[hg���SHP�LRg��Ri
• � e�TZg�q��E�SHP��Ec�sf[_g�nXSbTE\aPRg�T�LNM9O
TZWXTZY9M�[]\7TN�NSHOUTZg�YHT�SHnUYHg SHP�¡CnUTE\¢SH[hPNg�\p�RPNn
s�[]\b\bT�qzi
• £ PRYrT�LRM9O�TZW�T�YHMZ[_\bTR�RYbTELRq�¤�¥U¦B§©¨�ª�«B¬!`a[SHO(SbO�Tk�RYHT�LmSbT�\7S�MZLRYbTkLRg�q�¨(®�¯�§�ª�°;¯2§-°�«E«B±z®�²�³�i+´IQ�g�TZT�qUT�q-�CYbTELRq[hS¶µ�¥U²�±·¯�®�µ�¤�¸R�CnUgCSb[_l-SbO�T2sfTELmgU[_gU��PmQ�SbO�T¡Nn�T�\7Sb[_PRg�\p[]\aM�l_T�LRY�i
• ¹ OUT�M9º$Q�PRYaT�W�SHYHLf[_gXQ�PRYHs(LoSb[_PRg�PRg
SbO�T2�Ul_LNM9º���PCLmY9q-i

	�»z¤C«B¦N®¼¸E¤�½�¾�¿zTZS
F
�
G
LRg�q

H
��TÀ^PCPNlhTELmg Q�nUg�M?SH[hPNg�\aPRQ�qXT��RYHTZTxQ�PRnUYE�UqXTZÁ�gUT�q����

F (w, x, y, z) = w + x + y + z
G (w, x, y, z) = w̄xyz + wx̄yz + wxȳz + wxyz̄
H (w, x, y, z) = wx + wy + wz + xy + xz + yz

� TEMZLRlhl/SHO�LoSE�;Q�PNY�Lmg��5ÀrP�PNlhTELmg=Q�nUg�M?SH[hPNg�\ A
�
B
PRQkqXTZ�NYbT�TfV���PNgUT(`aYH[SHT�\

A ≤ B
[QkLRg�q�PRgUl_�![hQ

∀w, x, y, z ∈
{0, 1} , A (w, x, y, z) ≤ B (w, x, y, z)

i � l_\bP�YHT�MZLRlhlSbO�LmS���[hQ
A ≤ B

�2SbO�TZg
A (w, x, y, z) B (w, x, y, z) =

A (w, x, y, z)
Q�PRYkLml_l

w, x, y, z ∈ {0, 1}
i

¥�Â!Ã�YHPo�RTxPRYkqX[]\7e�YbPo�NT�TELRM9O�PmQ;SHOUT�Q�PRl_l_Po`a[hgU���
F ≤ G

�
F ≤ H

�
G ≤ F

�
G ≤ H

�
H ≤ F

Lmg�q
H ≤ G

i
�zª�Ä¼°�¯�®�ª�²rÅ
�EÆ

F ≤ G
� £ LRl_\bTR� F (0, 0, 0, 1) = 1

�
G (0, 0, 0, 1) = 0

i
Ç Æ

F ≤ H : £ LRl_\bTR� F (0, 0, 0, 1) = 1
�
H (0, 0, 0, 1) = 0È Æ

G ≤ F
��É;YHnUTNi � TZT�g Q�YHPRsÊSbYHnXSbO�SHLR�Ul_TRiVCÆ

G ≤ H :
É;YHnUTNi � TZTZg�Q�YHPRsËSHYbnUSbO�SHLR�UlhTNicRÆ

H ≤ F
��É�YbnUTNi � TZT�g
Q�YHPRsÌSbYHnXSbO�SHLR�Ul_TRiÍ Æ

H ≤ G : £ LRl_\bTR� H (0, 0, 1, 1) = 1
�
G (0, 0, 1, 1) = 0

Î Â!Ï¶TE\7[_�Rg�L�M�[_Y9M�nU[hSan�\7[_gU��[_gC�NTZYbSbT�YH\�� � j¶ÏÐLmg�q�Ñ � �NLmSbT�\��CSbO�LmSk[hs�eUl_TZs�T�gNS9\pSbO�TÀrP�PNlhTELmg$Q�n�g�M?SH[hPNg
L (w, x, y, z) = F (w, x, y, z) G (w, x, y, z) H (w, x, y, z) .

Ò�PRn�s(LB�R�o[hQ��NPRnf`a[_\bO�Lmg�q�[Q��RPNn�e�YbPo��[]qXT^LRg�TZWXeUl_LRg�LoSH[hPNgz�m\b[hs�eUl_[Q���SbOU[]\�À^P�PRl_T�LRg�T�WXeUYHT�\H\b[hPNgSbP�PN�XSHLR[hg
L�\7[_s�eUlhT�Y¶M�[_Y9M�nU[hSaeUYbPXqXn�M�[_gU�fSbOUT\HLms�T�PRnXSHeUnXSEi
�zª�Ä¼°�¯�®�ª�²rÅ
� [_g�M�T G ≤ F

��PRgUTxO�LR\
FG = G

i � [_g�M�Txs�PRYHTZPo�RT�Y G ≤ H
��PRg�T¶O�LN\

GH = G = (FG) H = FGH
i � PPRgUT�O�LN\

L = G
Lmg�q SbO�TM�[_YHMZnU[Sa[_g £ [_��i�[hs�eUl_TZs�TZgCS9\ L

i
´ISk\7T�TZs(\^TZ�RT�Yb�NPRgUT¶ºCg�Po`k\&OUPo`�SbP�qXYHLB`ÓSHOUT2M�[_YHMZnU[hS^PRQ�LfÀrP�PNlhTELmg MZ[hY9M�nU[hS2Ô��RP�PXq-ÕÖÆ?�U\bP�´^qXP�g�PmSp[hg�MZlhn�qXT
L�Á��RnUYHT�OUTZYHTRi

	�»z¤C«B¦N®¼¸E¤��z¾ � s�LR[hl_��PBW�MZPRgCSHLR[hg�\�R� �R�N�U� �R�N��TZ×vs(LR[hl]\Z��TELRM9O�PNgUT�O�LB��[_gU�(Q�YHPRs��f`rPNYHq�SHP!�R� �R�N�(`^PRY9qU\Zi � lhSbPR×
�NT�SbO�TZYE�RSHOUT�s(LR[hl]\^O�LB�RTxL2SbPRSHLRl�PRQ�coV�� �N�R��� �N�R�x`rPNYHq�\Zi�´Øg$SHOUT�s(LR[hl]\Z�UcR�U� �R�R�2qU[_\7Sb[_g�M?Sa`^PRY9qU\&M�Lmg
��T�Q�PRnUg�q-irÑ�gUT
PRQ;SbO�T�\bT2`rPNYHqU\^[]\�Ù¢O�TZl_lhP�i Ú
Ã�YHPo�RTxPRYaqX[]\beUYbPo�NT�TELRM9O�PmQ�SbOUT2\7SHLmSbTZs�T�gNS9\a��TZl_Po`2�

Û



Ü-ÝßÞZà�á�âXã�â�äpåCã�æ!ç�à�ÞZèHéHê�äpÝ]Ü-ã�âXá�äëèaç�Þ�ì-ímî�ã�Ýßì-ï è
¥�Â�Ñ�gUT�s(Lm[_lz[_\aLmSklhTELR\7S¶cRc�`rPNYHq�\rl_PRg���i
�zª�Ä¼°�¯�®�ª�²rÅ&j¶P��+Ã�YHPCPRQ;���(M�PRn�gNSHTZYb×vTZWULms�eUl_TRi ¹ PRg�\b[_qUTZYpLs(Lm[_lh��PBW(PmQ&�N� �N�R��� �N�R��s(Lm[_l_\rPmQ�lhT�gU�mSHO�coV��C\bPSbO�LmS�cm�mT È qX[]\7Sb[_g�M?S2`^PRY9qU\¶LRYbTfeUYHT�\bTZgCS�iÉpOUTfSHPmSHLRl+gCn�s���TZY�PmQ&`^PRY9qU\�[_\2cmVRT Í Lmg�q!gUP�s�LR[hl+O�LN\2cRc(PNY
s�PRYHTx`^PRY9qU\�i

Î Â � SklhTELR\7SkL�SHOUPRn�\bLRg�q�PmQ;SHOUT2s(Lm[_l_\aMZPRgCSHLR[hg
SbO�T\bLRsfT�g�nUs���T�YaPmQ+`rPNYHqU\�i
�zª�Ä¼°�¯�®�ª�²rÅ�Ò�T�\��;Ã�YHP�PmQ�n�\7[_gU��SbOUTpeU[_�RT�PRgUO�TZPRl_T&e�Yb[_g�M�[_eUl_TRi+¿zTZS

wi

�oQ�PRY
i ∈ {1, . . . , 1000}

��T^SHOUTpgCn�s���TZY
PmQ�s(Lm[_l_\/MZPRgCSHLR[hgU[_gU�

i
`^PRY9qU\�i�Ñ�gUTaO�LN\

w1 +w2 + . . .+w1000 = 1, 000, 000
�E\bPxSbO�LmS��m���SHOUTaeU[_�RT�PRgUOUPNlhT

eUYH[hg�MZ[he�lhTN�
wi ≥ d1, 000, 000/1, 000e= 1000

Q�PRYk\bPRs�T
i
i

¦CÂ�Ñ�gUT�`rPNYHq
O�LN\aL�SHPmS9Lml-g�nUs���TZY¶PmQ�PXM�M�nUYHTZg�MZT�\��X[hgdLml_lzs(Lm[_l]\Z�XPRQ^�E�R�R��PRYas�PRYHTRi
�zª�Ä¼°�¯�®�ª�²rÅ�Ò�T�\��xn�\7TfSHOUT�eU[h�NTZPNgUOUPRl_T�e�Yb[_g�M�[_eUl_TRif¿zT�S

yn (n ∈ {1, . . . , 50, 000})
��TfSbOUTfSbPRSHLRl/gCn�s���TZY

PmQ^P�M�M�nUYHTZg�M�T�\�PmQr`rPNYHq
n
i � [_g�M�T y1 + . . . + y50,000 = 54e6

��SbOUT�eU[_�RT�PRgUO�PRl_T�eUYH[hg�M�[_eUlhT�\HLB��\¶SbO�LoS�SbOUT
g�nUs���TZYkPRQ�PXMZMZnUYHTZg�MZT�\

yn

PmQ+PRgUT�`^PRY9q LoSkl_T�LN\¢Sa[]\
d54e6/5e5e = 1, 080

PRYp�NYbTELoSbT�Y�i
¬+Â!É;`^P�s(Lm[_l_\���LoSkl_T�LN\¢SE�UM�PNgNS9Lm[_g
��PmSHO�SbOUT\HLms�T2g�nUs���TZYaPRQ�`^PRY9qU\pLmg�q SHOUT\HLms�T�gCn�s���TZYkPRQ�PXMZMZnUYHTZg�MZT�\
PmQ�SbOUT2`^PRY9q�Ù7OUT�lhl_P�i Ú
�zª�Ä¼°�¯�®�ª�²rÅdÒ�T�\�i�Ã�YHP�PmQ¶n�\7[_gU�=SbOUTdeU[_�RT�PRgUOUT�PRl_T eUYH[_g�M�[_eUl_TRið¿;T�S

p = (x, z)
��TR�^L!e�LR[hY�PRQ¶g�nUs���TZY9\Z�

YbT�eUYHT�\bTZgCSb[_gU�pYbTE\7e�T�M�Sb[_�RT�lh�aSHOUT�g�nUs���T�YzPmQX`^PRY9qU\-Lmg�q�SHOUT�g�nUs���TZY;PmQ�P�M�M�nUYHTZg�M�T�\�PRQRÙ¢OUT�lhl_PoÚ+[hgLps�TE\b\HLm�NTRi
Ñ�gUT�O�LN\

0 ≤ z ≤ x ≤ 1000
Lmg�qÓLml]\bP

0 < x
iñÉpOUT�e�PC\b\b[_�UlhT�e�Lm[_YH\(LRYbT�SbO�n�\

p1 = (1, 0) , p2 =
(1, 1) , p3 = (2, 0) , . . . , p500,499 = (1000, 1000)

ië¿;T�S
ui

��T�SbOUT�g�nUs���T�Y$PmQ2s(Lm[_l]\�Q�PRY$`aO�[_M9OÓSHOUT
g�nUs���TZYrPmQ-`rPNYHq�\

x
LRg�q�PXMZM�n�YbT�g�M�TE\/PmQ�Ù7OUTZl_l_PoÚ

z
LmYHTaT�¡Cn�LRlUSHP

pi

i � [hg�MZTkSHOUT ui

\bnUsÐn�e(SbP2SHOUT¶g�nUs���T�Y
PmQzTZ×vs(Lm[_l]\Z�N[�i TRi

u1 + . . .+u500,499 = 1e6,
����SbOUT�eU[_�RTZPNgUOUPNlhTaeUYH[_g�M�[_eUl_TR�CPRgUTkPRQ�SbOUT

ui

s�n�\¢S&��T¶�NYbTELoSHTZY
PRYaTE¡Nn�Lml�SbP

d1e6/500, 499e = 2
i

	�»z¤C«B¦N®¼¸E¤�òz¾ � PNlh�NT¶SHOUT�Q�PRl_lhPo`a[_gU��YHT�M�n�YbYHTZg�MZT�YHTZl]LoSH[hPNg�\��
¥�Â

xn = − 3

4
xn−1 −

1

8
xn−2,

`a[hSbOd[_gU[hSb[]Lml;MZPRg�qX[hSb[_PRg�\
x0 = x1 = 1.�zª�Ä¼°�¯�®�ª�²rÅ2ÉpOUT�M9O�LmY9LRM?SHTZYH[_\7Sb[]M2e�PRl_��gUPRs�[]Lml

r2 + 3

4
r + 1

8

O�LR\xqX[]\¢SH[hg�M�SxYHP�PmS9\
r1 = − 1

4

Lmg�q
r2 = − 1

2

i
£ YHPRsËSHOUT2[_gU[SH[_LRl;M�PNg�qX[hSb[_PRg�\��XPRg�Tx�NT�S9\

xn = 6

(

−
1

4

)n

− 5

(

−
1

2

)n

Î Â
yn = 2yn−1 −

8

9
yn−2,

`a[hSbOd[_gU[hSb[]Lml;MZPRg�qX[hSb[_PRg�\
y0 = y1 = 1.�zª�Ä¼°�¯�®�ª�²rÅrÉpO�TxM9O�LRYHLNM?SHTZYH[_\7Sb[]Mae�PRl_�Cg�PRs�[_LRl

r2 − 2r + 8

9

O�LR\pqX[]\¢SH[hg�M?SaYbP�PRSH\
r1 = 4

3

Lmg�q
r2 = 2

3

i £ YbPNsSbOUT2[_gU[hSb[]Lml;MZPRg�qU[SH[hPNg�\Z�XPNgUT��RTZSH\

yn =
1

2

(
4

3

)n

+
1

2

(
2

3

)n

.

Ñ�gUT�s(LB� M9OUT�M9º$SbO�LmS
y2 = 10

9

�
y3 = 12

9
= 4

3

i

	�»z¤C«B¦N®¼¸E¤�ó�¾p¿zT�S
A = {0, 1}5 ��T^SbOUTk\bT�S/PmQ��U[_g�LmYH�\7TE¡CnUTZg�MZT�\pÔ¼\7SbYH[_gU�N\9ÆzPRQ�ô�TZYHPN\+Lmg�q�PRgUTE\+PmQ�l_TZg��mSbO(cXi�õ5T^`a[_l_l`aYH[SHT

X = (x1, x2, . . . , x5)
Lmg
TZl_TZs�TZgCSpPmQ

A
�X`aO�TZYHT

xi ∈ {0, 1}
Q�PRYaLRlhl

i ∈ {1, . . . , 5}
i � l]\7P��CTNi ��i

(1, 0, 1, 0, 0)`a[_lhl-��T2`aYH[SbSbTZg
10100

i
¥�Â=¿zTZS

f
��T�SbOUT�Q�nUg�M?Sb[_PRg�qXTZÁ�gUTEq
���

f :

{
A −→ {0 . . . 5}
X −→ x1 + . . . + x5,Lmg�q�l_T�S

R
��T�SbO�T2YbT�l_LmSb[_PRg
qUT�Á�gUTEq�PRg

A
���

R (X, Y ) ≡ f (X) = f (Y ) .



Ü-ÝßÞZà�á�âXã�â�äpåCã�æ!ç�à�ÞZèHéHê�äpÝ]Ü-ã�âXá�äëèaç�Þ�ì-ímî�ã�Ýßì-ï ö
�EÆ Ã�YHPo�RT�PRYaqX[]\7e�YbPo�NT¶SHO�LoS

f
[_\a[]\pPRgCSHP�i

�zª�Ä¼°�¯�®�ª�²rÅÒ�TE\Z� £ PRYLRgC� i
[hg5SHOUT(M�Pm×ØqXPNs�LR[hg

{0, . . . , 5}
PmQ

f
��PRg5O�LR\

f(1 . . . 1
︸ ︷︷ ︸

i

0 . . . 0
︸ ︷︷ ︸

5−i

) = i
��\bP

SbO�LmS
f
[]\pPRgCSHP�i

Ç Æ Ã�YHPo�RT�PRYaqX[]\7e�YbPo�NT¶SHO�LoS
f
[_\aPNgUT�×vSbPR×vPNgUTRi

�zª�Ä¼°�¯�®�ª�²rÅpjkP��
f (1, 0, . . . , 0) = f (0, 1, 0, 0, 0) = 1.

È Æ Ã�YHPo�RTxSbO�LmS
R
[]\aLmgdT�¡CnU[_�oLml_TZg�MZTxYHTZl]LoSH[hPNgzi

�zª�Ä¼°�¯�®�ª�²rÅ
• R

[_\2Ô�SbYH[h��[]Lml_lh�UÆ^YHT�÷�TZWX[h�NTR�X\7[_g�MZT
∀X, f (X) = f (X)

i
• R
[_\¶ÔßSbYH[_�C[]Lml_l_�XÆ+\b��s�sfTZSbYH[_Ma\b[_g�M�TpQ�PNY�Lml_l

X, Y
�NPRgUTaO�LR\

f (X) = f (Y ) =⇒ f (Y ) = f (X)
i

• R
[]\5ÔßSbYH[_�C[]Lml_l_�XÆ(SbY9Lmg�\b[hSb[_�RT=\b[_g�M�T!Q�PRYdLml_l

X, Y, Z
�kPRg�T!O�LN\

f (X) = f (Y ) ∧ F (Y ) =
f (Z) =⇒ f (X) = f (Z)

i
VCÆ õ=YH[hSbT�SbO�T2T�¡CnU[_�BLRlhT�g�M�T2MZl_LN\b\bT�\pPRQ

01010
Lmg�q�PmQ

10000
i

�zª�Ä¼°�¯�®�ª�²rÅ
• X̄1 = {X ∈ A | f (X) = 2} = {11000, 10100, 10010, 10001, 01100, 01010, 01001, 00110, 00101, 00011}

i
• X̄2 = {X ∈ A | f (X) = 1} = {10000, 01000, 00100, 00010, 00001}

i
cRÆ õ=YH[hSbT�SbO�TMZLmY9qX[_g�Lml-PRQ;SHOUT2T�¡CnU[_�oLml_TZg�MZT�MZl_LN\b\pPRQ

X
LR\aL�Q�nUg�M�Sb[_PRgdPmQ

f (X)
i

�zª�Ä¼°�¯�®�ª�²rÅ ∣
∣X̄

∣
∣ = C (5, f (X))

i

Î Â!¿zTZS
S
��T�SbOUT2YHTZl]LoSH[hPNg�qUT�Á�gUTEq�PRg

A
���

S (X, Y ) ≡ ∀i ∈ {1, . . . , 5} , xi ≤ yi.�EÆ Ã�YHPo�RTxSbO�LmS
S
[]\aL�e�LRY7SH[_LRl�PNYHqUTZYpYbT�l_LmSb[_PRgzi

�zª�Ä¼°�¯�®�ª�²rÅ
• S
[]\2ÔßSHYb[_��[_LRlhl_�UÆ^YbTZ÷�T�WX[_�RTR�X\b[hg�M�T

∀X, ∀i ∈ {1, . . . 5}xi ≤ xi

i
• R

[]\ Ô�SbYH[h��[]Lml_lh�UÆ2LRgNSH[_\b��s�sfTZSbYH[_M \7[_g�M�TN��Q�PRY�LRlhl
X, Y

�+[hQ
∀i ∈ {1, . . . 5}xi ≤ yi

Lmg�q
∀i ∈

{1, . . . 5} yi ≤ xi

�XSHOUTZg
∀i, xi = yi

i
• R

[]\!Ô�SbYH[h��[]Lml_lh�UÆ�SHYHLRg�\b[SH[h�NT�\7[_g�M�T!Q�PRY�Lml_l
X, Y, Z

�a[Q
∀i ∈ {1, . . . 5}xi ≤ yi

Lmg�q
∀i ∈

{1, . . . 5} yi ≤ zi

�XSHOUTZg
∀i, xi ≤ zi

i
Ç Æ Ã�YHPo�RT�PRYaqX[]\7e�YbPo�NT¶SHO�LoS

S
[_\¶L�SHPmS9Lml-PRY9qXT�Y�i

�zª�Ä¼°�¯�®�ª�²rÅ�¿zTZS
Y1 = (1, 0 . . .0) ∈ A

LRg�q
Y1 = (0, 1, 0, . . . , 0) ∈ A

i � [_g�MZT ¬S (Y1, Y2)
Lmg�q

¬S (Y2, Y1)
�X[vi TRi

Y1

Lmg�q
Y2

LmYHTxg�PmSkM�PNsfe�LmY9Lm�Ul_TR�
S
[_\ag�PmSkLfSbPRSHLml-PNYHqUTZYEi

È Æ õ=YH[hSbT�SbO�T\7TZSkPmQ�T�lhT�s�TZgCSH\
Y ∈ A

\7n�M9O SHO�LoS
S (Y, 10100)

i
�zª�Ä¼°�¯�®�ª�²rÅ

{00000, 10000, 00100, 10100}
i

VCÆ õ=YH[hSbT�SbO�T\7TZSkPmQ�n�eUe�T�Y¶Lmg�q l_Po`rT�Yp��PNnUg�qU\aPRQ�SHOUT\bT�S
{10100, 01010} ⊆ A

i
�zª�Ä¼°�¯�®�ª�²rÅpøkeUe�TZYa��PRnUg�qU\Z�

{11110, 11111}
i�ÉpO�TZYHTx[]\kL�\b[hgU�NlhT�l_Po`rT�Yp��PNnUg�q-�

00000
i

cRÆ õ=YH[hSbT2SHOUT\7TZSH\aPRQ�s(LmW�[_s(LmlzLRg�q�PmQ+sf[_gU[_s(LmlzT�lhT�sfT�gCSH\aPRQ
A
LRg�q-�U[hQ�SHOUTZ��T�WX[]\¢SE�XSbO�T2�RYHT�LoSHT�\7SkLmg�q

lhTELR\7SkTZl_TZs�TZgCSaPmQ
A
i

�zª�Ä¼°�¯�®�ª�²rÅ/´IS&[]\�M�l_T�LRY+SbO�LmS
(1, . . . , 1
︸ ︷︷ ︸

n

)
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