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��($)+*-,/.%0�)1�3254$687
A = {0, 1, 2} 9�:<;>= 7?6�6�@BADCFEHGI7?CJ6�GKEBLMLNEPO =MQSRUT 7>@H7?68VW6 Q 7 T O = 7?CSE/X�7X T?=MQSR�Y XZ@ Q 7 =N[ 6 ;DT]\+=MQJT 7?6�@B^�X T?=NQSR_ X T 7`7?CJ6 ∧ \ ∨ @ Q ^ ¬

EBa36 ; @P7>E ;DT89
bZc ∃x ∈ A, P (x)�$d3e%f"g].hdZikj

P (0) ∨ P (1) ∨ P (2) 9l c ∀x ∈ A, P (x)�$d3e%f"g].hdZikj
P (0) ∧ P (1) ∧ P (2) 9, c ∃x ∈ A, ¬P (x)�$d3e%f"g].hdZikj
¬P (0) ∨ ¬P (1) ∨ ¬P (2) 9m c ∀x ∈ A, ¬P (x)�$d3e%f"g].hdZikj
¬P (0) ∧ ¬P (1) ∧ ¬P (2) 9) c ¬∃x ∈ A, P (x)�$d3e%f"g].hdZi�0/j
¬ (P (0) ∨ P (1) ∨ P (2)) ≡ ¬P (0) ∧ ¬P (1) ∧ ¬P (2) 9n c ¬∀x ∈ A, P (x)�$d3e%f"g].hdZi�0/j
¬ (P (0) ∧ P (1) ∧ P (2)) ≡ ¬P (0) ∨ ¬P (1) ∨ ¬P (2) 9

��($)+*-,/.%0�)�op2 :q;?= 7?67?CJ6r^�6 [JQJ= 7 = E Q EBG'@ Q E�^S^ Q XSVtsZ6 ; X Tu=MQSR V�@P7>CS68V�@P7 = A]@HL Q EB7>@H7 = E Q$9
��dZehf�g�.%d3ivjxw Q XSV5s36 ; n ∈ Z =MT Ey^J^ = G'@ Q ^�E Q LMz = G ∃m ∈ Z, n = 2m + 1 9{ dZg])3jk|IC =MT ^S6 [JQS= 7 = E Q}=~T A�E/V�a3E T 6]^�EHG�7?CJ6 T 66]LN6]VW6 Q 7 T]�� w Q XSVtsZ6 ; n ∈ Z � j�|ICS6�EBs _ 6�A�7I7?CZ@P7�CJ@ T 7?CS6�a ; EBa36 ; 7�z 9� =~T E�^S^ � j�|ICS6 Q @BVW6EBG"7>CS6�a ; EBa36 ; 7�zU�KCS6 ; 6 \ @ Q @B^ _ 6]A�7 =N� 6�� 9� = G�@ Q ^�E Q LMz = G � j�|ICS6LNE RB= A8@BL ; 68L~@P7 = E Q sZ687�Ok6]6 Q�� s36 =MQSR E�^S^+��@ Q ^�7>CS6a ; E/aZ6 ; 7�z�@H77?CS6 ;>=MR C+7 9�

∃m ∈ Z, n = 2m + 1 � j�|ICJ6�V�6�@ QS=MQSR EHG � s36 =MQSR E�^S^+��6���a ; 6 T>T 6�^ =MQ V�@H7?CS6]VW@H7 =N�A8@BL Q EH7D@P7 = E Q�9���Q���QJR L =MT C \ 7>C =MT V�6�@ QJT]�|ICS6 ; 6�6�� =~T 7 T @ Q}Q XSV5s36 ; m T XJADC�7?CZ@P7 n = 2m + 1E ;�\ 6 Y X =M� @HLM6 Q 7?LMz \
n = 2m + 1

GKE ;�T EBVW6 Q XSV5s36 ; m 9
� 7 =~T��� 7>EWA8E QJT?= ^�6 ; E�^S^ Q @P7>X ; @HL Q XSV5s36 ;DT � N � =MQJT 7?6�@B^�EHG =NQ 7?6 R 6 ;>T � Z � 9

�
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��($)+*-,/.%0�)<¨�2r©yCSEPOª7?CJ@H7�7?CJ6ra ; Ey^SXJA�7�EBG�7�OkE�E�^S^ Q XSVtsZ6 ;>T�=MT E�^S^«�%¬�E T 6 QFN®8¯°\ a 9p±H²�\68�y6 ; A =MT 6�³P´+� 9��dZehf�g�.%d3ivj
bZc 4$687 m ∈ N

@ Q ^ n ∈ N
sZ6�7�OxEWE�^S^ Q XJV5s36 ;DT89l c�µ 6 =MQSR E�^S^ \ 7?CS6 ; 6W6�� =~T 7 T EBVW6 m′

@ Q ^ n′ =NQ N T XZADC<7>CJ@P7 m = 2m′ + 1
@ Q ^

n = 2n′ + 1 9, c ��Q 6�CJ@ T mn = (2m′ + 1) (2n′ + 1) = 4m′n′+2m′+2n′+1 = 2 (2m′n′ + m′ + n′)+
1 9m c�µ 6]A8@BX T 6 mn = 2p + 1

GKE ; p = (2m′n′ + m′ + n′) \ mn =~T E�^S^ 9{ dZg])3jk|ICJ6 Y XJ6 T 7 = E Q A8@ Q @HL T E�s36 T 7>@P7>6]^�@ T©yCSEPO¶7?CJ@H7 \S= G"7�OxE Q XSV5s36 ;DT @ ; 6�Ey^J^ \ 7?CS6 Q 7?CS6 =N; a ; E�^�XJA�7 =MT E�^S^ 9|IC =~T�=~T ^�E Q 65� =NQ 7>CS6 T EBLMX�7 = E Q @BsZE � 6���syz \/[J;DT 7 \ 7>@B· =NQSR @ Q z57�OxE�E�^S^ Q XSV5s36 ;DT @ Q ^�7?CS6 Q
T CSEPO =MQSR 7>CJ@P7`7>CS6 =M; a ; E�^�XJA�7 =~TI=MQ ^�686�^�Ey^J^ 9 |ICS6 T 7?68a T @Hs3E � 6�^�EW7?CS6GKE/LNLMEPO =NQJRJ�bZc |"@B·B67�OxE�E�^S^ Q XSV5s36 ;DT @ Q ^ Q @HVW67?CS6]V m

@ Q ^ n 9l c � ��aSL = A = 7>LNz�O ;?= 7?6�O`CJ@H7 = 7�VW6]@ QJT 7>CJ@P7I7?CJ68z�@ ; 6�E�^S^ 9, c :<;>= 7?6}7?CJ6 =M; a ; E�^�XZA�7
@ Q ^¸ADCJ@ =NQ 6 Y XJ@BL = 7 = 6 T X Q 7 = L = 7�7D@H·B6 T 7?CS6 � X T 6�GKXSLIGKE ; Vt�
mn = 2(...) + 1 9m cU¹ E =MQ 7�E/X�7I7?CJ@H7�syz
^�6 [ZQS= 7 = E Q EHG'sZ6 =NQSR E�^S^ \ 7?CS6�a ; E�^�XJA�7 =MT E�^S^ 9

��($)+*-,/.%0�)»º�2�¼�6 [JQ 6�7?CS6 T 687�EBG�a ;?= VW6 Q XSV5s36 ;DT X T?=MQSR 7?CJ6 �?T 687
sSX = LM^S6 ;
Q EH7>@H7 = E Q$\ �O = 7?CSE/X�7�X T?=NQJR 7>CS6�OxE ; ^ � a ;?= VW6�� 9��dZehf�g�.%d3ivj
w Q XSVtsZ6 ; n ∈ N =~T a ;>= VW6 = G'@ Q ^
E Q LMz = G ∀m ∈ N, m|n =⇒ m ∈ {1, n} 9|ICS6 T 6�7�EBG"a ;>= VW6 Q XSVtsZ6 ;>TI=~T 7?CyX T

{n ∈ N | ∀m ∈ N, m|n =⇒ m ∈ {1, n}} .w�L½7>6 ;>Q @P7 =N� 6 T EBLMX�7 = E Q$�
{n ∈ N | ∀m ∈ N, ∃p ∈ N, n = mp =⇒ m ∈ {1, n}} .{ dZg])3jk|IC =MT ^S6 [JQS= 7 = E Q EBG�@ T 687 =MT A8EBVWa3E T 6]^�EHG�

{} � j µ ; @BAD·/6�7 T 6 Q A�LME T?=NQJR 7>CS6�O`CSE/LN6�^�6 [JQS= 7 = E Q$9 ¬`6�@B^ � 7>CS6 T 6�7`EHG 9 ��
n ∈ N � j|ICS6 Q @HVW6tEHG�7>CS65E/s _ 6]A�7 T�=NQ 7?CS6 T 687 \ O`C = ADCUO = LML'sZ6 Q @H7?X ; @HL Q XJV5s36 ;DT89¬`6]@/^ ��Q @H7?X ; @HL Q XSVtsZ6 ;>T n 9 ��
| � j�©y6]aJ@ ; @P7 =NQJR�� 6 ; 7 = A8@BL3sZ@ ;�9 ¬�6]@B^ �?T XJADC�7?CZ@P7���E ;�� 7?CJ@H7 � 6 ;?= GKz 9 ��
∀m ∈ N, m|n =⇒ m ∈ {1, n} � jw¾^�6 [JQS= 7 = E Q EHG � n =MT a ;?= VW6 9 �¿|IC =~T ^�6 [ZQS= 7 = E Q
; 6�@B^ T]�GKE ; @BLNL Q @P7?X ; @BL Q XJV5s36 ; m \S= G m

^ =M�y= ^S6 T n \ 7>CS6 Q m =MT 6 = 7?CS6 ; 1
E ; n 9O`C = ADC =~T 7?CJ6 T @BV�6�@ T8�7?CJ6�E Q LMz
^ =M�y=MT E ;DT EHG n

@ ; 6 1
@ Q ^ n 9
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bZc
® � :q;?= 7?6 =MQ��vQSR L =MT C�7?CS6�GKE/LNLMEPO =MQSR�T 7>@H7?6]V�6 Q 7�@Hs3EBX�7 Q @H7?X ; @HL Q XSVtsZ6 ;>T]�

∃m ∃n ∃p, m2 + n2 = p2.

��dZehf�g�.%d3ivj � |ICS6 ; 6k68� =MT 7 Q @P7>X ; @BL Q XJV5s36 ;DT m \ n @ Q ^ p T XJADCt7?CJ@H7'7?CS6 T XSVEHG"7?CS6 T>Y XJ@ ; 6 T EBG m
@ Q ^ n =~T 7?CS6 T>Y XJ@ ; 6�EHG p 9 �³B� ¹ ; E � 6E ; ^ =~T a ; E � 6�7>C =MT�T 7D@P7?6]VW6 Q 7 9��dZehf�g�.%d3iv�3j � 7 =~T 7 ; XS6 \ST?=MQ A�6 32 + 42 = 52 9��dZehf�g�.%d3i'o$j�|"@B·B6

m = 3 \ n = 2
@ Q ^ p = 5 9 |ICS6 Q m2 + n2 = 32 + 42 =

25 = 52 = p2 \ST E�7?CS6 T 7>@H7?6]V�6 Q 7 =MT 7 ; XS6 9l c
® � :q;?= 7?6 =MQ��vQSR L =MT C�7?CS6�GKE/LNLMEPO =MQSR�T 7>@H7?6]V�6 Q 7�@Hs3EBX�7 Q @H7?X ; @HL Q XSVtsZ6 ;>T]�

∀m ∀n ∀p (m | n ∧ m | p) =⇒ (∀q ∀r, m | (qn + rp)) .

zBE/X
V�@-z�·/6868a�7?CJ6�VW@H7?CS6]V�@P7 = A8@BL Q EH7D@P7 = E Q qn + rp 9��dZehf�g�.%d3ivj5ÂJE ; @BLNL Q @H7?X ; @HL Q XSVtsZ6 ;>T m \ n
@ Q ^ p \$= G m

^ =M�+= ^�6 T sZEB7?C n@ Q ^ p \ 7?CS6 Q GKE ; @HLML Q @H7?X ; @HL Q XSVtsZ6 ;>T q
@ Q ^ r \ m ^ =M�y= ^�6 T qn + rp 9³B� ¹ ; E � 6E ; ^ =~T a ; E � 6�7>C =MT�T 7D@P7?6]VW6 Q 7 9��dZehf�g�.%d3ivjx|"@B·B6

m \ n @ Q ^ p T XZADC
7>CJ@P7 m|n
@ Q ^ m|p 9© =MQ A�6 m | n \ E Q 6�CJ@ T ∀q, m|qn

� T @ = ^ =MQ A�L~@ T>T � 94 = ·B6]O =MT 6 \�T?=NQ A�6 m | p \ E Q 6�CJ@ T ∀r, m|rp 9w T`T @ = ^ =NQ A�L~@ T>T]\ m|qn
@ Q ^ m|rp = VWaSL = 6 T 7?CJ@H7 m| (qn + rp) 9{ dZg])3j�|IC =MT=~T @
7�zya = A8@HL�OI@-z�EBGva ; E �y=NQSR @ � GKE ; @HLML 9M9M9�= GIÃ/ÃBÃW7?CS6 QFÄBÄ/Ä �

T 7>@P7>68VW6 Q 7 ��= 7�A�E QJT?=MT 7 T EBG"7>CS6 T 7>68a T]�� |�@H·/6
m 9M9M9 � j�¬`6�A8@HLML�7?CJ6r@ T>T XSVWa�7 = E QW� ÃBÃ/Ã]� 9� © =MQ A86 9M9M9S� j�| ; XS6 T 7D@P7>68VW6 Q 7 T 7>CJ@P7�A8@ Q s36`^�6]^SXJA�6�^rG ; EBV»7>CS6`@ T>T XSVWa �7 = E Q$9� = VWaSL = 6 T 7>CJ@P7 m| (qn + rp) � j|ICJ6 �DÄBÄ/Ä � T 7D@P7?6]VW6 Q 7t7>CJ@P7 =~T 7>C+X T ^S6 �^�XJA86]^
G ; E/V¾7?CJ6r@ T>T XSVWa�7 = E Q$9

��($)+*-,/.%0�)UÅ$2�4$687
A
@ Q ^ B

sZ67�OxE Q E Q�� 68VWa�7�z T 687 T]9 ¹ ; E � 6�E ; ^ =~T a ; E � 6�7?CZ@P7
A × B = B × A

= G'@ Q ^�E Q LMz = G
A = B.

��dZehf�g�.%d3ivj ��Q E ; ^�6 ; 7?E T CSEPOÆ7>CJ@P7
A = B ⇐⇒ A × B = B × A \"= 7 =~T 6 Q EBX R C�7>E

T CSEPOÇ7>CJ@P7 �bZc A = B =⇒ A × B = B × A
@ Q ^l c A × B = B × A =⇒ A = B 9¹ E =MQ 7 bZc ��T XJaSaZE T 6 A = B 9 |ICS6 Q E/s �+= EBX T LMz A × B = B × A 9

� Gp7>C =MT ^�Ey6 TkQ EB7 T 6868VÈE/s �y= EBX T]\ CJ6 ; 6 =~T @�VWE ; 6�^S6�7>@ = LM6]^�a ; EyEBG � A×B = B×A \y= G�@ Q ^E Q LNz = G
∀ (x, y) ((x, y) ∈ A × B ⇐⇒ (x, y) ∈ B × A) .©yXJaSaZE T 6 (x, y) ∈ A × B 9k��Q 6�CJ@ T
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(x, y) ∈ A × B ⇐⇒ x ∈ A ∧ y ∈ B
⇐⇒ x ∈ B ∧ y ∈ A µ 6]A]@HX T 6 A = B
⇐⇒ (x, y) ∈ B × A.¹ E =MQ 7 l c �'��Q E ; ^�6 ; 7>E T CSEPOÇ7>CJ@P7 A×B = B ×A =⇒ A = B \�= 7 =MT 6 Q EBX R C�7>E T CSEPO7>CS6�6 Y X =M� @HLM6 Q 7 T 7D@P7?6]VW6 Q 7 �

A 6= B =⇒ A × B 6= B × A.©yXJaSaZE T 67>CJ@P7 A 6= B.
|ICS6 Q$\ GKE ;�T E/V�6 x \�hÊ 9M® � x ∈ A ∧ x /∈ B ∨ x ∈ B ∧ x /∈ A.© =MQ A86 A

@ Q ^ B
@ ; 6 Q E Q�� 68VWa�7�z�syz�CyzyaZEB7?CS6 Tu=~T]\ 7?CS6 ; 6�68� =~T 7 a ∈ A

@ Q ^ b ∈ B 9Ë EH7?6�7?CJ@H7
x ∈ A = VWaSL = 6 T (x, b) ∈ A × B

@ Q ^q7?CJ@H7 x /∈ B = VWaSL = 6 T (x, b) /∈ B × A� =NQ ^S68a36 Q ^�6 Q 7?LMz�EHGIO`CS687?CS6 ; b ∈ A
E ;�Q EB7D� 9 © = V = LM@ ; LMz \ (a, x) ∈ A × B

@ Q ^ (a, x) /∈
B × A 9 ©yE �vY39 �hÊ 9M® � = V�aJL = 6 T]�

((x, b) ∈ A × B) ∧ ((x, b) /∈ B × A) ∨ ((a, x) ∈ A × B) ∧ ((a, x) /∈ B × A) ,O`C = ADC = VWaSL = 6 T �Ksyz
^S6 [JQS= 7 = E Q EBG"7>CS6�6 Y XJ@BL = 7�z�EHG T 687 T �
A × B 6= B × A ∨ A × B 6= B × A@ Q ^�7>CyX T � P ∨ P ≡ P

GKE ; @ Q z�a ; EBa3E T?= 7 = E Q P
�

A × B 6= B × A.
��($)+*-,/.%0�)»Ì$2 :<;>= 7?6Í7>CS6 Q 6 R @P7 = E Q EBG�7?CS6ÍGKE/LNLMEPO =MQSR a ; E/aZE Tu= 7 = E Q O = 7?CSE/X�7
X T?=MQSR 7?CS668� =~T 7?6 Q 7 = @BL Y XZ@ Q 7 =N[ 6 ; ∃ 9

∃m ∃n (m > 1 ∧ n > 1 ∧ mn − nm = 1) .
��dZehf�g�.%d3ivjxw Q z�E Q 6 =MT A8E ;>; 6�A�7 �

∀m ∀n¬ (m > 1 ∧ n > 1 ∧ mn − nm = 1)
≡ ∀m ∀n m ≤ 1 ∨ n ≤ 1 ∨ mn − nm 6= 1

.

��($)+*-,/.%0�)ÍÎ$2�4$687 � @ ;?= @HsSLM6 Tx; @ QSR 6�E � 6 ; Z
@ Q ^�LN687 Q (x, y)

s36�7>CS6�a ; EBa3E T?= 7 = E Q @HLZGKX Q A �7 = E Q x + y = x − y 9 ¹ ; E � 6�E ; ^ =MT a ; E � 6�7?CS6rGKEBLMLNEPO =MQSR a ; EBa3E T?= 7 = E QJT �%¬�E T 6 QFN®8¯°\ a 9Z² ´ \68�y6 ; A =MT 6�³HÊ/� �
��dZehf�g�.%d3ivj Ë EB7?67?CJ@H7

x + y = x − y ⇐⇒ x + y − x + y = 0 ⇐⇒ y = 0 9bZc Q (1, 1) =MT 7>CS6 T 7>@P7>68VW6 Q 7 1 = 0 \ O`C = ADC =~T G%@HL T 6 9l c Q (2, 0) =MT 7>CS6 T 7>@P7>68VW6 Q 7 0 = 0 \ O`C = ADC =~T 7 ; XS6 9, c ∀y Q (1, y) =~T 7?CS6 T 7>@H7?68VW6 Q 7 ∀y, y = 0 \ O`C = ADC =MT G%@HL T 6 9m c ∃x Q (x, 2) =~T 7>CS6 T 7D@P7>68VW6 Q 7 ∃x, 2 = 0 \ O`C = ADC =MT G%@HL T 6 9) c ∃x ∃y Q (x, y) =MT 7?CS6 T 7D@P7?6]VW6 Q 7 ∃x ∃y, y = 0 \ O`C = ADC =~T 7 ; XS6t�Ï7>@B·B6 x = y = 0
� 9n c ∀x ∃y Q (x, y) =~T 7?CS6 T 7D@P7>68VW6 Q 7 ∀x ∃y, y = 0 \ O`C = ADC =MT 7 ; XS6��Ï7D@H·B6 y = 0
GKE ;@ Q z x

� 9Ð c ∃y ∀x Q (x, y) =MT 7>CS6 T 7>@P7>68VW6 Q 7 ∃y ∀x, y = 0 \ O`C = ADC =~T 7 ; XS6��Ï7D@H·B6 y = 0
� 9Ñ c ∀y ∃x Q (x, y) =MT 7>CS6 T 7>@P7>68VW6 Q 7 ∀y ∃x, y = 0 \ O`C = ADC =~T G%@HL T 6��K7>@H·/6 y = 1
� 9. c ∀x ∀y Q (x, y) =MT 7>CS6 T 7D@P7>68VW6 Q 7 ∀x ∀y, y = 0 \ O`C = ADC =MT G%@BL T 6��Ï7D@H·B6 x = y = 1
� 9
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��($)+*-,/.%0�)UÓ$2�©yCSEPO¶7?CJ@H7 \S=MQ a ; E/aZE Tu= 7 = E Q @HLpA8@BLMA8XSLNX T8�

bZc (P =⇒ Q) ∧ (P =⇒ R)
@ Q ^ P =⇒ (Q ∧ R)

@ ; 6�LNE RB= A8@BLNLMz�6 Y X =M� @HLM6 Q 7 9l c ¬P =⇒ (Q =⇒ R)
@ Q ^ Q =⇒ (P ∨ R)

@ ; 6LNE RB= A8@HLMLMz�6 Y X =M� @BLN6 Q 7, c P ⇐⇒ Q
@ Q ^ ¬P ⇐⇒ ¬Q

@ ; 6�LME R/= A]@HLMLNz�6 Y X =N� @BLN6 Q 7 9m c ((P ∨ Q) ∧ (¬P ∨ R)) =⇒ (Q ∨ R) =~T @t7>@BX�7?E/LNE R z 9�K7?C =~Tv=~T ¬`E T 6 QÍM®�¯Ô\ a 9 ³ ±�\ 6���6 ; A =MT 6 T ³HÕ \ ³P´ \ ³BÊ \ ³HÖ+� 9�× EBX�V�@-zW^�E T ErX Tu=MQSR 7 ; XS7?C�7D@HsSLM6 TE ; LME R/= A]@HLp6 Y X =N� @HLM6 Q A�6 ; XJLN6 T89��dZehf�g�.%d3ivj
Ø T 6W6 9 RJ9 7 ; X�7?Cq7D@HsSLM6 T]9 ÂJE ; 7?C =MT�Ù bSÚ )«0�f�*P)FÛ3dZf Ú i�dyÜÝg Ñ )¢g]*Pf�g Ñ g b l e%)y0�EHGk7?CS6
=⇒

@ Q ^ ⇐⇒
LME R/= A]@HLpE/aZ6 ; @H7?E ;DT]9 |�@HsSLM6 ²�\ a 9 Ê \ |�@HsSLM6�Ê \ a 9JÞ @ Q ^}|"@BsSLN6�ß \ a 9 ³B³ 9w�L½7>6 ;>Q @P7 =N� 68LMz \ zBE/X
V�@-z�X T 6�7?CJ6�6 Y X =M� @BLN6 Q A�6 Tx=NQ ¬`E T 6 Q<M®�¯ a 9 ³P´ \ ^SE �bZc (P =⇒ Q) ∧ (P =⇒ R) ≡ (¬P ∨ Q) ∧ (¬P ∨ R) ≡ ¬P ∨ (Q ∧ R) 9l c ¬P =⇒ (Q =⇒ R) ≡ P ∨ ¬Q ∨ R ≡ Q =⇒ (P ∨ R) 9, c P ⇐⇒ Q ≡ ¬P ⇐⇒ ¬Q

� T 7 ; @ =MR C+7`EBX�7`EBG"7D@HsSLM6 ± � 9m c ((P ∨ Q) ∧ (¬P ∨ R)) ≡ P ∧(P =⇒ R)∨Q∧(P =⇒ R) = VWaSL = 6 T �KVWE�^�X T aZE �
Q 6 QZT E Q LN68GÏ7�7?6 ; V�� R∨Q∧(P =⇒ R) \ O`C = ADC = VWaSL = 6 T �Ks36]A8@BX T 6 Q∧(P =⇒ R)
= VWaSL = 6 T Q

�
R ∨ Q 9
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